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Mathematics. — “On an involutiom among the rays of space”. 
By Prof. Jan DE Vrıes. 


(Communicated at the meeting of September 29, 1918). 


1. Among the rays of space four arbitrary plane pencils of rays 
deterinine an involution of pairs of rays; each pair consists of the 
two transversals Z,t’ of four rays a,b,c,d appertaining one to each of 
the four peneils. The peneil (a) we shall also denote by (A,e); A 
is the vertex, @ tlıe plane of (a). Similarly the other penecils are 
denoted by (B,B), (Cyy), (D,0). 

A straight line Z determines four rays a,b,c,d, which, in general, 
have still another transversal t’. If a,Öb,c,d appertain to a quadratie 
regulus, then each line of the complementary, regulus is conjugated to 
every other line of this complementary regulus. 

If t deseribes the peneil (7;r), {' engenders a ruled surface which 
we shall denote by (£’)*, where x is the degree of this surface. By 
the rays of (T’,r) the four pencils (r), (b), (ce), (dl) are rendered projective. 

2. We now suppose that in some way a projective correspondence 
is established between these peneils and consider the ruled surface 
T engendered by tlıe transversals 1,2!” of four corresponding rays. 

From A the peneils of rays (b),(c), (d) are projected by three 
projective pencils of planes; hence three transversals of corresponding 
rays Ö,c,d exist which intersect the corresponding ray «a at A, so 
that A,B,G,D are triple points of 7. Similarly a,p,y,d are triple 
tangent planes, since they contain three lines Zi. 

The intersection of 7’ and « thus consists of three straight lines 
and a curve which has a triple point at A. Since every ray a 
contains the points of transit of a pair of transversals Z,t’, the said 
eurve is of the ifth degree. Hence Tis a ruled surface of the eighth 
degree. 

Eight tangents of the curve «°‘, which 7 has in common with «, 
pass through A; it follows from this that 7’ contains eight vays t, 
which coincide each with its corresponding ray t’. 

3. If tis made to deseribe the penecil of lines (Tr), the ruled. 
surface 7’ breaks up into the peneil (f) and a ruled surface KK 
Hence the transformation (4) comverts a plane penecil of lines into 
a ruled surface of the seventh degree. 
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On the line aß the peneils (a), (b), as soon as they have become 
projective, determine two projective point-ranges. One of the united 
points (coineidences) thereof is the point aßr: through the other 
passes a line 2’. Besides this ray ?’ the line «ß also meets the three 
rays /’, which lie in « and the three rays ?’ in ß. 

By « the surface (?’)’ is interseeted along a curve «* with a triple 
point at A. Through every point of intersection of @* and passes 
a line £” which coineides with its conjugated line {. Hence the double- 
rays of the involution (1, t') constitute a line-complex of the fourth 
order. 

4. In order to make sure of this by another reasoning we con- 
sider the threefold infinity of ruled quadries (bed). Through three 
points, arbitrarily chosen on the lines aß, ay, ad, there passes one 
ruled surface (bed). Hence the system is linear (complex) and inter- 
sects « along a complex of conics a’. The conies which touch a ray 
a at a point A, constitute a system of single infinity. The ruled 
surfaces of which they are the curves of transit, also constitute a 
single infinity; the base-curve g* is at A tangent to a. Every chord 
t of e* passing through AR lies on a ruled surface (bed), which is at 
R tangent to the ray AR; the two transversals of the quadruplet 
a,b,c,d thus coineide in Zt. Hence the eubie cone which projects 
o' from R, consists of double-rays t=!1{!. 

In addition to these the’ point A carries a plane pencil of double- 
rays, Iying in the plane «a. In order to understand this we observe 
that every line £ of «a belongs to a pair of lines of the complex fa?}. 
Let 5 be the point of intersection of £ and the second line of this 
pair. Since AS is at S tangent to the corresponding hyperboloid 
(bed), t represents the two transversals of a ray-quadruplet a, d,c, d 
and is therefore a double-ray of the involution (1, t’). 

In this way we find again that the double-rays constitule a line- 
complex of order four. 

Simultaneously it has become evident that this complex has four 
prineipal planes «,®,y,d and, by analogy, four principal points 
AsBMD. . 

5. We now consider three rays b,c,d meeting a line Z4, which 
passes through A. Each line # which intersects d,c,d, meets in « 
a certain ray a and is therefore conjugated to f4. Hence every ray 
ta corresponds to @' rays {’; otherwise: the rays of the sheaf of 
lines [A] are sinyular. 

By the rays t4 a trilinear correspondence is established between 
the peneils (b), (c), (d); in fact, two arbitrary rays d,c determine a 
transversal Z4, which defines in its turn the corresponding ray d. 

32* 
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In any arbitrary plane pencil of rays () a trilinear correspondence 
is similarly originated. Each of the three double-rays (coineidences) 
is a transversal of three corresponding rays b,c,d, and therefore a 
line of a ruled surface (bed), which passes through A and is con- 
seqnently conjugated to a ray La. 

Hence the rays which-in the eorrespondence (f, ?') are conjugated 
to the rays through A form a cubie complex. 

Similarly every ray t, (in the plane «) is also conjugated to a 
regulus; so the rays of the plane a, denoted as a whole by [«], too 
are singular. | 

6b. We now consider a ray £ of the sheaf of lines which has 
D*=asy for its vertex; let d be the ray of (D,d) which meets L. 
To t now are conjugated all the rays 2’ of the plane peneil which 
has D* for its centre and is situated in the plane D* d. Hence this 
peneil consists of singular rays which are each conjugated to every 
ray of the penecil. The sheaf [D*] contains ©! of such singular 
peneils of rays, the planes of which pass through the line AA*. 

By an analogous reasoning it is found that the rays in the plane 
d*— ABC are singular and constitute co‘ plane peneils conjugated 
to each other and having their centres on the line de*. 

Hence the involution (27T) contains eight sheaves and eight planes 
of singular rays. 

The ray AB meets two definite rays c,d, but all rays a,b, and 
is.therefore conjugated to all transversals of these raysc,d. Similarly 
the ray ap is conjugated to o*rayst. Thus there are twelve prineipal 
rays, each of which is conjugated to all rays ofa bilinear congruence. 

7. The hyperboloids (dc d) which pass through A, constitute 
evidently a double infinity. Thus through each ray a passes one of 
these (bcd). Hence every ray a forms with three definite rays 
b,c,d a quadruplet belonging to one and the same hyperboloid. 
The transversals £ of this quadruplet form a regulus of which any 
two lines in the involution (£,?‘) are reciprocally eonjugated. We 
shall call such a regulus singular. 

Thus the peneils (a), (b), (e), (d) can be made projective in such a way 
that every four corresponding rays are direetrices of a singular regulus. 

We now consider the congruence which contains the &! singular 
reguli. 

In any plane % the projeetive pencils (a), (b), (c) determine three 
projeetive point-ranges; hence in y tlıere lie three lines t, each inter- 
secting four corresponding rays a,b,c,d. Similarly any arbitrary 
point carries three lines of the congruence. Hence the singular reguli 
form a congruence (3,3). 
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The peneils of planes, projecting the projeetive line-pencils (2), (ec) 
from A, engender a quadrie cone (t4), so A is a singular point of 
the congruence. Similarly the rays of the (3,3) which lie in the 
plane «a, envelop a conie. Thus the eongruence has Four singular 
points of the second order (A, B, C, Dj and four singular planes of 
the second order (a, $, y, d). 

It also contains singular plane peneils of rays. If the lines a,b 
of a quadruplet Iying on a hyperboloid meet, c and d intersect also. 
On a3 are situated evidently two points ab (coineidences of two 
projeetive ranges). Each of these is conjugated to one of the two 
points cd Iying on 74. The transversals of four thus associated rays 
a,b,c,d form two plane peneils: one Iying in the plane ab with 
centre at cd, the other in the plane cd with ab for its centre- 
Hence the congruence (3,3) has tiwelve singular plane pencils of rays.*) 

8. If a peneil (ft) contains a ray of the (3,3), the ruled surface 
(!')’ breaks up into the singular regulus, to which the ray Z belongs, 
and a ruled surface (t’* having A, B,C, D as double-points and 
a,ß,y,d as bitangent planes. 

If () contains two rays of the (3,3), the locus of t’ consists of 
two singular reguli and a ruled surface (f’)’, which has a conie 
and a line f’ in common with «. The intersection of the aforesaid 
with r consists of two rays !=={ (passing through 7’) and a third 
line e, which eonstitutes the single direetrix of (f’)’; the double 
direetrix passes through 7". 

9. To the rays £ resting on a line / correspond the rays !’ of 
a complex of the seventh order. In fact, / meets seven rays of the 
ruled surface (f)’, which is conjugated to a plane pencil of rays (f); 
this peneil therefore contains seven rays f’ of the complex into 
which the particular linear complex with direetrix / is transformed. 

Tbe complex $r’}’ has prineipal points at the vertices of the eiglıt 
sheaves, prineipal planes in the eight planes of singular rays of the 


-involution (t,t’). For, in fact, / meets one ray of each singular 


peneil of the sheaf [A*] and two rays of a quadratie regulus (bed) 
passing through A; thus in the last case the corresponding ray ti 
is a double ray of the complex ff. 


l) The here considered (3,3) is a particular species of the congruence composed 
of the iransversals of the corresponding rays of three projective plane peneils. 
This more general (3,3) too has 12 singular line peneils; contrarily, however, it 
has only 3 singular points and 3 singular planes of the second order. 
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their chords. Hence in ® lie four chords £' conjugated to A,B,, so 
that the class of [t] is four. 

Through A, there passes a curve ß,’; the quadrie cone projecting 
this eurve from A, is interseeted by the projecting cones of the 
curves «® which have A,B, among their chords along sets of three 
edges t’. It follows from this that the congruence [!’] has singular 
points of the second order at A, and B,. 

Every 8° of which A,B, is a chord hasa chord a, passing through 
A,; the latter chord interseets the cone a,’ determined by 4,2, at 
a point P (in addition to A,). The «* passing through ? has the 
chord a, in common with ß°. It appears from this that 4, is a 
singular point of the congruence (3, 4). 

A plane ®& through 4A, intersects the quadratic cone db, determined 
by A,B, along a conic, on which the eurves 8° cut out an invo- 
lution Z°. Hence through A, pass two of the chords in the plane 
& belonging to the curves p*. Thus we find that the principal points 
A, and Be (kZ£1) are singular points of the second order with 
respect to the congruence (3,4) conjugated to A,D.. 

Tbe line A,B, is a chord of the figure «’ composed of a,, = 4,4, 
and an a? The cone $,' which contains the curves 8° of which 
A,B, isa chord determines an involution /° in the plane a,,, = 4,4,4,, 
the sets of which involution consist of the transits of the curves P®. 
The chords !’ of tbe congruence [t!’] which lie in a,,, therefore 
envelop a conie. It follows from this that the planes «gm and A%m 
are Singular planes of the second order with respect to the con- 
gruence (3,4) conjugated to A,B.. 

4. Every ray tin the plane «,,, is singular since it is a chord 
to all conies @* Iying in «a,,,. Together with the eurve ß°, which 
has t among its chords, the oo! curves «? evidently determine op! 
groups of rays !’, each group consists of the two additional chords 
of 8° which lie in «,,, and of seven rays ?’ restingona,,. Allthese 
sets of seven belong to the ruled surface (t’)‘ engendered by the 
chords of $* which rest on a,,; they constitute an /’ on this surface. 

To the rays [t] of the plane «,,, as a whole are conjugated the 
rays {f} of the special linear complex which has a,, for directrix- 
These rays form co” groups of seven rays. 

Every ray t= ap Beim IS a principal ray of the /!°; for, in fact, 
it is a chord to ©’ conies a® and to &! conies ß*, and therefore 
conjugated to ©o* groups of rays t’. 

Now consider for example the line’= a, ,,, By. as a common chord of 
two definite conics a and 3°. Of the corresponding lines ’ two lie in 
45; they join the transit of Ö,, with the two transits of pP. Similarly 
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two rays ?’ lie in ß,,,; the remaining five are transversals to As 
and 5,, 

Hence the rays of’the bilinear congruence which has a,, and d,, 
for directrices, can be arranged into ©” groups of five lines ’’. 

5. If the ray 2 describes a peneil (7, x) the nine corresponding 
rays ?’ remain on a ruled surface (?’); the degree of this surface 
we can determine by investigating the number of lines ?’ resting 
on A,.A.: 

Consider therefore, to begin with, the rays i” meeting a,, outside 
A, and A,. Such a line ?’ can be chord to an «? composed of a,, 
and a conic a’ in the plane «a,,,. Of the peneil (2) the partieular ray 
which rests on a,, meets on the intersection of the planes «,,, and 
rt on a® and is therefore a chord to a composite a’. Together with 
the 5° which has ? among its chords this «® determines six lines 7’ 
resting on a,, and, in addition to this, three lines t’ in the plane 
Oy4s 
Similarly the plane «,,, contains three lines !’; these are common 
chords to an a’ and a P?, the first composed of a,, and a conie in 
&,,,, the latter having among. its chords the ray r the par (dar) 
which meets a,.. 

In the same way the planes «a,,, and «,,, too contain three vays 
!’ each of the ruled surface conjugated to (?). 

6. In order to determine the number of rays ?’ passing through 
A, we consider the surface A engendered by the curves a’ having 
each one ray of the pencil (7, r) among their chords. 

Let d denote the line of’ transit of «,,, in the plane r, D the 
point of transit of a,,. The ray of (7,r) which meets a,, determines 
on A a conie, which lies in a,,, and in combination with a,, con- 
stitutes an a? belonging to the above-mentioned surface A. It follows 
from this that A passes through the ten lines az, and contains ten 
conies, one in each of the planes a,g,. Hence the intersection of JAN 
and «,,, consists of the lines @,,,4,,,4,, and a conic passing through 
A,,4, 4,, so that A is a surface of degree five.'‘) 

An arbitrary plane ® is intersected by the curves a’ in the ( 
triplets X, X, X, of an involution (X')?. Since through any two 
curves a? a quadrie surface can be laid, it is possible to join any 
two triplets of the aforesaid involution by a conic. Hence a point 


1) „5 evidently has a triple point at each of the five points Ar. The locus of 
the pairs of points at which each a® of 5 meets the corresponding ray t is a 
curve c4 having a double point at T Hence 45 is intersected by r along an 
additional line 2. It follows from this that 1° is also the locus of the curves «3 
which meet !. 


. 


Mathematics. — “On an involution among the vays of space, which 
is determined by two Reys congruences”. By Prof. Jan DE Vrıes. 


(Communicated at the meeting of September 29, 1918). 


1. Rerw’s congruence consists of the &@? twisted cubies a’ which 
can be laid through five points Az. It is bilinear: for through any 
arbitrary point passes one curve only and an arbitrary line is twice 

interseeted by one curve only‘). 

Let [3°] denote a second Reyk congruence with prineipal points Dr. 
An a’ and a ß? have ten bisecants in common; the &* sets of ten 
rays determined by [«’] and [?°] together fill up the entire ray- 
space and constitute therein an involution /'*. An arbitrary straight 
line i is bisecant to one «°’ and to one ?* and therefore conjugated 
to nine lines t'. 

If a is composed of a conic «a* (in the plane «) and a line a 
(intersecting the conie at A), then the set of rays in /!° which is 
determined by this @® and an arbitrary P°, consists of the three 
chords of $ß° in «a and the seven transversals of a and «?. For the 
chords of 8° which rest on a form a ruled surface of the fourth 
degree having with «?’, in addition to the point A, seven points in 
common. 

If 8° too is composed of a curve 2° and a line 5 (intersecting P? 
at D) then the corresponding group in /!° consists of the line aß, 
the two lines in «@ joining the transit of 5 with the points of transit 
of B°, the two joins in 8 of che transits of a and «?, and lastly five 
transversals of a, b, a®, P?. 

If a’ and 8° have a point S in-common, then four of the common 
chords pass through S; they constitute the common edges of the 
cones which projeet a® and B° from $. 

2. Every line az through the principal point Az is singular with 
respect to the involution, for it is a chord of ®! curves a® and 
belongs therefore to @' groups of the Z'*. 

The congruence [«*] can be generated by two systems of quadrie 
cones each having a principal point for its vertex. If, for instance 


!) Reye’s congruence is treated elaborately in the first chapter of J. pr Vrızs’ 
Thesis (Bilineare congruenties van kubische ruimtekrommen, Utrecht 1917). 
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znAeI A, AA, AA, and 4,4, AA, A,A4,, A,A, are taken for 
basal edges,. then the eurves «° having a line a, drawn throngh A, 
for a chord will all’lie on the cone a,?, which is determined Dy.ar 

At each of the two points of intersection of a, and the curve B}? 
which has a, for a chord, three rays t’ meet which, in two differents 
groups of the Z', are 'conjugated to Z=a,. It follows from 
- this that: 

Each singular ray passing through one of the ten principal points 
(Ar, Br) is by the transformiation (t,t’) converted into a ruled surface 
of the sixth degree. 

The curve 2,°, which has a, for a chord, has also a chord U, 
passing through A,; the latter meets the cone a,’ at A, and at a 
point ?. Through P passes a curve a’ having with ?,° the chords 
a, and a, in common; hence a, lies on the ruled surface a,°, corres- 
ponding to a.. 

The plane 2,a, intersects the cone a,” also along an edge a,!. 
On a, and a,' the curves a°* of this cone determine two projective 
pvint-ranges; hence through D, pass two chords of curves a’ Iying 
on a,’. The chords of the ceurves «a? meeting a, therefore constitute 
a quadratic complex. 

The cone of the complex at the point B7. has four edges in common 
with the cone which projects 3,’ from 3x. Hence the ruled surface 
a,’ has-a quadruple point at each of the prineipal points Bj}. 

The line a,= 4,4, is a principal ray of the /'*. For the curve 
ß,,- which has a,, for one of its chords, determines a group of the 
7° with each of the curves «°; a,, therefore belongs to @” groups 
and the rays t’ which are conjugated to a,, vonstitute a congruence. 
The chord ?’ of 3,,’° which passes through a point 7), is at the same 
time chord to an «a* and therefore conjngated to t=a,,. In a plane 
® lie tbree chords, t’ of 3,,’, each of which is at the same time 
chord to a curve a’. Hence the ray t=a,, is conjugated to the 
rays t' of a congruence (1,3). 

3. The ray A,B, is a common chord to ©? pairs a’, 3° and is 
therefore a princinal ray of I‘ and conjugated to the rays !' of a 
line-congruence [t’] 

Each point S of A,B, carries one «* and one 3°, and eonsequently 
three rays 2’; hence the order of [t’] is three. 

The curves a’ which have A,B, among their chords lie on a 
cone a,* and determine an /* on the conie which a,’ has in common 
with a plane ©. The chords of the a’ which lie in ®& therefore 
envelop another conie. Similarly ® contains also a conie which is 
enveloped by the chords of the curves 'p* which have 4,3, among 
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Y, lying on the straight line X,X, determines a triplet, the other 
two members 7, and Y, of wlich are collinear with A,. If ?, 
deseribes the line X,X, the line y,= Y, Y, revolves about the fixed 
point X,. The triplets of the involution therefore determine polar 
triangles with respect to a conie'). 

7. The peneil (7;r) determines in the congruences [«’| and [P°] 
two surfaces Ay and Ag ($ 6) and conjugates to each curve «* of 
Au a curve P? of Ap. 

Now consider the cone generated by the chords which can be 
drawn from A, to the curves 5° Iying on Ap. 

A plane © through A, intersects Az along a curve c* which 
contains &! triplets of the involution (X')*. If the point A, describes 
the eurve c? the line X,X, envelops a curve of the fifth elass, every 
tangent of which is a chord to one of the curves P° Iying on Ap- 
Hence through A, pass five of these chords, whence it follows that 
the just mentioned cone of chords through A, is of degree five; it 
will be denoted by K°. 

Now consider a ray t, of (7x) as a chord of an a’. The quadrie 
cone which projects this curve from A, has ten edges a, in common 
„with X°. Each of these rays a, is a chord to a ?? which has also 
one of the rays, fs, of the pencil (£) among its chords; to each ray 
la therefore are conjugated ten rays fa. 

A ray ts is a chord to a definite curve 3°; this curve sends a 
chord a, through A,. The curves @® which have a, among their 
chords, form a cone a,’; this eone interseets r along a conie on 
which the points of transit of the eurves @° determine an involution 
/°. The triplets of chords joining these transits two and two envelop 
a second coniec. Hence two of these chords pass through 7. To a 
ray ta therefore correspond two rays tz. 

(T,r) evidently contains twelve rays =ts. To each of these the 
involution 2'° conjugates a ray a,; on the ruled surface (t’) corres- 
ponding to the peneil (l) A, is therefore a twelve-fold point. Hence 
the points of interseetion of the ruled surface (t’) and the line qa,, 
lie on 12 lines a,, 12 lines-a,, 3 lines of'a,,,, 3.08 @,, 3.068, 
and on 6 lines which do not lie in any of these planes and do not 
pass through A, or 4,. 

A plane pencil of lines is by the transformation (t,t') converted 
into a ruled surface of degree 39. 

This ruled surface has 10 twelve-fold points (Ay, Br). 

The surfaces Aı and Az each have a curve of the fourth degree 


') This conie is the locus of the points whereat & is touched by the curves «3, 


487 


in common with r. These curves each have a double point at 7 
and therefore interseet at 12 additional points S. Through each of 
these points pass. 3"lines 7’ of the ruled surface (?'). Hence (t’)’’ has 
twelve triple points in the plane r. 

The 20 planes a; and Arm are triple tangent planes for each of 
them contains three rays’t. 


Mathematics. — “On an involution among the vays of space’. By 
G. Schaake. (Communicated by Prof. Jan DE Vrıks). 


(Communicated at the meeting of January 25, 1919). 


In the Proceedings of this Academy of the meeting of September 
29, 1918, XXVII, p. 256 a communication of Prof. Jan DE Vrırs is to be 
found, dealing with an involution of rays determined by four plane 
peneils of rays which are arbitrarily chosen-in space. In the sequel 
this investigation will be completed on certain points. 

1. In $ 4 of the communication referred to above a system of 
©* ruled quadries is mentioned of which each regulus has one 
generator in each of the three line-peneils (5), (c) and (d). The num- 
ber of these surfaces passing through three points is there determined 
by choosing one point in each of the planes P, y and Ö containing 
the peneils. Then in the first place the rays d, c and d, which pass 
through these points, certainly furnish a ruled surface (dc d) which 
satisfies the condition. In addition to this, however, it is possible to 
construct for instance a surface of which the generators passing through 
the points chosen in the tangent planes $ and y do not belong to the 
system of rays 5, c, d, whilst the third generator passing through 
the point in the plane Ö is one of the system (d). Hence the system 
of quadries is not linear. 

Now consider the quadrics of the system which pass through an 
arbitrary point P. On each of these surfaces lies a line, passing 
through 7, which meets the lines d, c and d, by which the surface 
is defined. 

The rays passing through 7° determine a trilinear correspondence 
Tp between the penecils (b), (c) and (d). Each triplet furnishes a 
surface of our system of quadries passing through P. Hence, if we 
want to know how many of the ruled quadries pass through three 
given points ?, Q and R, we must discover how many triplets of 
rays the three trilinear correspondences 7’p, Tg and Tr have in 
common. Ä 

Such a trilinear correspondence, however, is represented by an 
‚equation between the direction-parameters of b, cand.d. If we regard 
these quantities as coordinates with respect 10 a Cartesian system of 
axes in Space, the equation represents a cubie surface, for conve- 
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nience sake here referred to as the “correlating surface”, which has 
conical points at the points at infinity of the axes of coordinates and 
intersects the plane at infinity along the lines at infinity of the three 
planes of coordinates. It follows from this that two such surfaces 
have a twisted sextie £* in common, which has three double-points, 
one at the point at infinity of each axis. Three surfaces therefore 
have six points in common with finite coordinates. 

We conelude from this that the correspondences Tp, Tq and Tr 
‚have six triplets of rays in common. One of these consists of the 
lines d, ce and d which pass through the point of intersection A* of 
3 y and d. The other triplets furnish each a ruled surface passing 
through ?, Q and R. Hence through any three A there pass five 
surfaces of the system. 

Moreover, if it is taken into consideration, that by the rays of a 
plane too a trilinear correspondence is established between the peneils 
(b), (ce) and (d), it follows that there are five surfaces which are 
tangent to ihree given planes, six passing through two given points 
and tangent to a given plane, and six which pass through a given 
point and touch two given planes. 

2. If the curve of intersection k° of two “correlating surfaces” 
is projected on a plane of coordinates, the result is a plane curve 
2 with double points at the points at infinity of the two axes of 
coordinates. It follows from this that the surfaces (db cd), which pass 
through two given points P and Q, determine a (2,2)-correspondence 
between the peneils (db) and (c), obtained by conjugating the line 
b of such a surface to its line c. The same holds for the surfaces which 
pass through two infinitely near points and thus are tangent to a 
line / at a point S. If we project (d) and (c) from ‚S we obtain two 
pencils of planes between which a (2,2)-correspondence exists. In 
this correspondence the plane which contains the axes SB and SC 
of these two peneils, and which belongs to both peneils, is conju- 
gated to itself. For, in fact, this plane intersects $ and y along two 
lines 5 and c which meet at a point 7’ Iying on the line of inter- 
section of and y. If to these lines we conjugate the ray of (d) which 
passes through the point of interseetion of ST’and d, the.correspond- 
ing (bed) breaks up into two planes, the line of intersection of 
which eontains S. The here considered lines 5 and c are therefore 
generators of a ruled surface (bcd), which is at S tangent to /, 
from which it follows indeed, that the plane passing through SB 
and SC is conjugated to itself in the (2,2)-correspondence. Each pair 
of planes of this correspondence furnishes by its line of intersection 
a generator of a ruled surface which is tangent to / at S. Hence 
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the locus of these generators is a eubic cone, so that the deduction 
of the order of the complex of double rays, as enunciated by Prof: 
Ds Vrıes in $ 4 of his communication, holds good. 

3. The number of surfaces (bc d) which pass through a straight 
line a, is evidently equal to the number of those which pass through 
three points, 2. e. to five. If, however, orıly those ruled surfaces are 
considered on which a belongs to the same regulus as d, c and d, then 
we must exelude the regulus determined by the lines 5, c and d 
which pass through the points of intersection of a with 3, y and Ö 
resp. Furthermore, for instance, the plane (a D) and the plane 
passing through BC and through the point of intersection of (a D) 
and ßy ceonstitute a degenerated hyperboloid of our system, which 
passes through a. Of this kind two more specimens can be pointed 
out. Hence through a there passes only one non-deyenerated ruled 
quadrie (bed), on which a,d,c and d belong to the same regulus. 
The deduction of the congruence (3,3) of tie singular reguli, enunciated 
in $7 of the above-mentioned communication therefore remains valid. 

4. Now consider a ray Z which meets the lines AB and yd. 
The corresponding rays a and 5 lie in the plane @ passing through 
AB and ? and intersect on the line aß; the lines c and d determined 
by t pass through the point of intersection of p and yd. Hence the 
conjugated lines !' form a peneil with its vertex on yd, in a plane 
passing through AB. 

Hence the involution (1,1) contains sie additional bilinear congruences 
of singular vays. 

We now consider the line AA*. The corresponding lines 5, c and 
d pass through 4A*; a is indefinite. To the line = A 4* are therefore 
conjugated all the rays of the sheaf A*. Similarly the whole system 
of rays of the plane a* as a whole is conjugated to- the line Z=aa*. 

Hence there are eiyht additional principal rays, four of which are 
conjugated to-the rays of a sheaf, the remaining four to tlıose of a 
plane. Thus the total number of principal rays is twenty (vide $ 6 
of Prof. pe Vrıss’ communication). 

5. To the rays £ of a sheaf S are conjugated in the involution 
(4,!) the lines of a congruence 8. We shall now discover the number 
of lines of & which pass through an arbitrary point ?P. To a line 
u passing through ? we conjugate the line ? which passes through 
S and meets the same rays a and 5b as u. If u deseribes a plane 
pencil with vertex 7, then 2 engenders a quadrie cone. If, further- 
more, we associate to a line Z the ray u’ which passes through P 
and meets the same lines c and d, then the correspondence (Z,4’) 
too is quadratie. The correspondence (zu,u') therefore is of the fourth 
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degree, moreover birational, so that it contains six double rays. One 
of these is the line PS, in which a ray u and a line i coineide. 
The other five double rays meet the same rays of (a), (b), (c) and 
(d) as the corresponding line t and are therefore each conjugated 
as a line / to rays £ of 3. Hence the order of 8 is five. 

The number of lines of & in a plane W is found by conjugating 
to a ray w of W the line £, which passes through S and meets the 
same rays a and d, and to £ the line ww, which meets the same 
lines ce and d as t. The correspondence (w,w’) in W is again 
birational and of degree four, and so has six double rays. Here there 
is no line w coineiding with a line £; the elass of & is therefore six. 

Hence to a sheaf is conjugated a congruence (5,6). 

To the four lines SA* etc. and to the transversals through S which 
meet the six pairs (AB, yd) correspond plane peneils oflines. Hence 
each congruence Z contains ten singular pencils of lines. 

In the same way it is proved that to a plane field of rays V 
corresponds a congruence ® (6,5). 

If S, or V, contains one or more prineipal rays, this reduces the 
order of &, or ®, which reduction is easy to caleulate in each case. 

6. Two complexes {t’}’ (vide $7 of Prof. pw Vrırs’ communication), 
which are conjugated to special linear complexes of lines £, with 
axes / and m, have a congruence (' (49,49) in common, which we 
are going to investigate. 

In the first place C’ contains the congruence A conjugated to the 
bilinear congruence Z which has / and m for its direetrices. Now 
L (1,1) has with a congruence 2 (6,5) eleven rays in common just as 
with a @ (5,6), from which it follows that A is a congruence (11, 11). 

Moreover each {’}’" contains as double rays the lines of the sheaves 
A, B,C, D, those of the planes «,ß,y, d, and the lines of the con- 
gruence (3,3), constituted by the singular reguli. For, in fact, the 
line / meets two generators of every singular regulus, each generator 
corresponding to the entire regulus. In the intersection of the two 
complexes corresponding to / and m, each of the nine above-mentioned 
complexes is to be reckoned for four. Together they therefore count 
for a congruence (28, 28). 

Furthermore each $/’}’ contains as single rays the lines of the 
four sheaves A*, ete.. those of the four planes «*, etc. and the lines 
of the six bilinear congruences (AB, yo), ete. ($ 4). These form 
together a congruence (10, 10). 

By the foregoing investigation the congruence (49, 49) is com- 
pletely accounted for and the completeness of the discovered system 
of singular rays is controlled. 
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7. By virtue of the Harpnen theorem the congruences 3, which 
are conjugated to two sheaves P and Q have 61 rays in common. 
To these belongs in the first place the line t’ corresponding to the 
line t= PRQ. 

Each congruence has among its generators the prineipal rays AB 
ete. (6 in number), ap ete. (6), AA* etc. (4). For, in fact, to each 
of the twelve former lines corresponds a bilinear congruence, to the 
latter four a sheaf and all these have one ray which passes through 
an arbitrary point. This accounts for 16 of the common rays. 

The remaining 44 are found as follows. According to $ 1 there 
exist reguli (dcd) which pass through A and also through P and 
Q. As follows from $ 5 of Prof. pw Vrıes’ communication a regulus 
(bed) through A is conjugated to a ray passing through A. Hence 
the two congruences 3 have in common five rays passing through 
A and as many passing through B, C’ and D resp. 

Furthermore there are six surfaces (bed) which are tangent to « 
and pass through P and Q. A surface (bed) which is tangent to a, 
is conjugated to a line Iying in a. Hence the two congruences I 
bave in common six rays Iying in « and six in ß,y and d each. 

So in this way we find indeed 4xX5+4%x6= 44 additional 
common rayS. 

The investigation of the interseetion of two congruences ® is 
quite analogous. 

Slightly different is the case of the common rays of the congruences 
= and ® which are conjnugated to a sheaf P and a plane of rays 
V, which by virtue of the HarpBen theorem have 60 rays in 
common. 

To these common rays belong the prineipal rays AB (6), aß ete. 
(6), 12 lines in all. 

There are six surfaces (bc d) passing through A and P and simultane- 
ously tangent to V. This furnishes six lines through A, common to 
= and ®. The same holds for B, C and D, so we have 24 lines 
in all. 

The six surfaces (bed), which are ae to a, pass through P 
and are also tangent to V, furnish six common rays lying in ae. 
Just as many we find in the planes ?, y and d, together 24. 

By the foregoing enumeration the 60 common rays are indeed 
accounted for. 

This $ constitutes a proof of the completeness of the system of 
prineipal rays. 


Mathematics. — “On an involution among the rays of space, which 
is determined by a bilinear congruence of twisted elliptical 
quartics”. By Prof. Jan pr Vrıies. 


(CGommunicaled at the meeting of March 29, 1919). 


$ 1. The twisted quarties (first species) which interseet each of 
two fixed curves of the same species at eight points form a bilinear 
congruence ‘). An arbitrary line t is bisecant to one of these curves: 
9°; at its point of transit, /, through a fixed plane « the line is 
intersected by one other bisecant ?’ of the said o*. The lines ? and 
£ constitute one pair of an involution of rays which will be investi- 
gated in the sequel. 

Every bisecant 5 of the fixed curve P? is singular with respect to 
the congruence [e*]. For, in fact, this congruence is generated by 
two systems, (8°) and (y?), of quadries of which the fixed ceurves p? 
and y‘ are the base-curves; the hyperboloid 3°, which contains db, 
is intersected by the surfaces of the system (y?) along curves o* 
each having the line 5 for a chord. The second line 5* which this 
hyperboloid sends througb the point de, is a common chord to the 
same curves o*. Hence the bisecants of the base-curves ß* and y‘ 
are not singular with respect to the involution (£, ?’). 

$ 2. The congruence [g'] however contains more singular bisecants 
s; on each line s the systems of quadrics determine the same invo- 
lution; the lines s constitute a line-congruence (7,3) ?). 
| By the involution determined on s by (8°) and (y?), these systems 
of quadries are rendered projective. The curves 0°, which are gene- 
rated by two homologous hyperboloids, lie on a quartic surface, 
which contains the line s. With a plane o through s this surface 
nas a curve 0° in common, the locus of the point-couples which 
the ceurves 0‘ have in common with 5 outside s. The involution of 
these point-couples is central i.e. the chords t' which carry the couples, 
meet at a point S of 0*. The chords !' of any 0° which meet s 
eonstitute a regulus;; the hyperboloids containing these reguli constitute 
a system, of which s and 0° form the base. Since 0° has two points 


1) Vide my communication: “A bilinear congruence of quartic twisied cuwrves 
of the first species”. (These Proceedings vol. XIV p. 255). 
Rec. p. 257. 
39 


Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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in common with s, the centre S of the involution will, if sis made 
to revolye about s, twice occupy a position on the line s at each 
complete revolution. Hence the chords {” meeting s at a point P 
constitute a cubic cone with s for a double edge. The singular lines 
s are therefore also singular with respect to the inwolution (t,'). 

$ 3. We shall now consider the loeus % of the curves g°, each 
of which furnishes one ray of the plane peneil (7,r) by one of its 
chords. The eurves oz‘ which interseet ß* at B, lie on the hyper- 
boloid 73? which passes through 3. This hyperboloid intersects r 
along a conic, on which the curves oz° determine an involution /°; 
the corresponding direeting ceurve is of the third elass. Hence the 
peneil (2) contains three chords of eurves e3* and from this it follows 
that the base-curves ß* and y* are triple curves on the surface 7, 

The locus of the point-couples Q,Q’ at which the rays 2 of the 
pencil (7;r) are twice intersected by curves g* is a curve ı’ with a 
triple point 7, which curve contains the points of transit BD; and 
Cr (k—=1,2,3,4) of the base-curves ß* and y‘.’) 

A hyperboloid ß° has, in addition to tbe four points 5, three 
point-couples Q,Q’ in common with T’. Hence the rays £ establish 
a (3,3)-correspondence between the quadries of the systems (ß*) and 
(y?); in consequence the locus % is a surface of degree twelve. 

Let (Z,2) be another pencil of lines, A° the corresponding eurve 
(analogous to r°). Of the points of intersection of 2’ and 8 x3—24 
coineide with the points Br, Cr; tbe remaining 36 form 18 couples 
of points, each couple common to a curve o* and one of its chords. 
It follows from this that the bisecants of the curves g* of each of 
which a gwen pencil of lines contains one chord, constitute a line- 
complex of order 18. 

$ 4. Tne curve o* passing through a Holt P, assumed in «, is 
projected from P by a cubic cone, the edges s* of which are singular 
rays of the involution (4,2). Each edge is conjugated to every other 
generator of this cone and is therefore at the same time a ray of 
coineidence. The curve r°* determined by a pencil of lines (7;r) has 
five points P in common with the line «tr; hence each of these 
points furnishes one singular ray s* in the penecil. The rays s* 
therefore constitute a complex of the fifth order. 

In general a line £, in the plane « is chord to one o*. All chords 
of this g* which meet 4%, are in the involution (tt) conjugated to 
. To this singular ray t„ correspond therefore the rays ofa quadrie 
regulus and the rays of the two cubie cones which project o° from 
its points of intersection with t,. 

1) L.e..ip. 256; 
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We shall now consider a peneil of lines (7, x). The eurve o' 
which has a ray ? of this pencil for one of its chords, has six chords 
in a; the points of intersection Q of these six lines £, with r we 
conjugate to the point P=(t,a). To the peneil (Q, «) corresponds 
($ 3) a line-complex of order 18, constituted by the bisecants of the 
curves 0° which meet the rays of (Q,«) twice; this complex has 
18 rays ? which belong “to (7, r), so that to Q are conjugated 18 
points P. Since P thus coineides 24 times with Q, (T,r) contains 
24 chords of curves oe‘, each of which chords meets one of the 
chords of the same _*, which lie in «. The ceurve r’, corresponding 
to (7,x) ($ 3) determines on ar five points P,; the curve g* passing 
through one of these points conjugates three rays Z, to theray 7'P,; 
hence 7’P, is to be counted thrice in the above-mentioned gronp of 
24 rays £. It follows from this that by the transformation (ft, ) a 
plane pencil of lines is transformed into a combination of five cubic 
cones and a regulus of degree nine. 

This regulus (?’)’ has the line ar for its direetrix. The ruled 
surface on which it lies has, in addition to the line «r and the five 
rays TP,, three more lines 2” in common with the plane x of the 
penecil (7,r). A confirmation of the foregoing result may be obtained 
as follows. In the plane r each curve o* determines four points Rx; 
the chords u=R,R, and v=(R,, R,) are reciprocally conjugated 
by a quadratic transformation'‘). If « describes the pencil (7, r), v 
envelops a conic; the point of intersection of u and v therefore will 
thricee reach a position on the line @r. Hence there are three rays 
t of the pencil, of which the corresponding ray t lies in z (and 
does not coineide with 2). 

$5. A sheaf of lines with vertex M is transformed by (£, t) 
into a congruencee. A curve o* of which one chord ? belongs to 
[M], has two chords u passing through the point N. To the point 
of intersection, P, of t and «a we conjugate the points of transit, 
Q, and Q,, of the chords u, and u,. Similarly to each point Q 
correspond {wo points P. If P moves along a line £ describes a 
plane peneil; in the complex {u}!%, determined by this peneil, v will 
then deseribe a cone of degree 18, Q a curve a". Hence P and Q 
are correlated in a (2,2) correspondence of degree 18. Since this 
correspondence in general contains 22 coincidences, the order of the 
congruence which corresponds to [M | is 22. 

The ceurves o* which possess a chord passing through M, consti- 
tute a surface of degree five. Hence in « there.lies a curve «° each 


1) VYide my communication: “A quadruple involution in the plane and a triple 
involution connected with it.’ (These Proceedings vol. XIII, p. 86). 
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point of which radiates a cubie cone of singular rays s*. Since these 
rays are at the same time coineidences ?=t', the image of the sheaf 
[M] has at M a singular point of order five. 

Let u be an arbitrary plane, ® the plane through M and an. 
To each ray t of (M,P) correspond in a six chords of the particular 
curve g* which meets ? twice; their points of intersection Q with 
au we conjugate to the point of intersection, P, of t and au. The 
line-complex {u}'* which is conjugated to the pencil (Q, 1) has 18 
rays t which belong to the peneil (M, «P) and therefore determines 
18 points P. Since Q coincides 24 times with ?, u contains an equal 
number of rays t’ which are in (f, 2’) conjugated to rays of [M]. 
Hence 'the class of the eongruenee which constitutes the image of a 
sheaf of lines is 24; it is a congruence (22, 24). 

The total of the rays [u] of a plane is transformed into a con 
gruence of which the order evidently is 24. In order to’ find its 
class we have to bear in mind that a plane ” can only contain 
such rays !' as pass through the point of intersection, Q, of the 
planes au and #. The cone with vertex Q of the complex {4° 
which corresponds to the pencil (Q, «), breaks up in the pencil (Q,u), 
the eubie cone which projects the eurve o* passing through Q, and 
a cone of degree 14. The last mentioned cone contains the additional 
chords which are sent through Q by the curves o* meeting rays of 
(Q,wW) twice. The three rays t' in ? which are furnished by the 
cubie cone, are each conjugated to each of the three generators 
Iying in u, and are therefore to be counted thrice. It follows from. 
this that the class of the eongruence is 23. So the image of the total 


of lines of a plane is a line-congruence (24, 23). 


Chemistry. — “The trimorphism of allocinnamie acid.’ By Dr. 
A. W. K. oe Jöng, Buitenzorg. (Communicated by Prof. 
P. van RoMBURGH). 


(Communicated at the meeting of March 29, 1919). 


As has already been pointed out in a previous communication, 
the formation of the same double acid of normal- and allo-ecinnamie 
acid with the different forms of allo-einnamie acid is in confliet with 
the view that these forms’are chemical isomerides. 

STOBBE, the most zealous exponent of this view, has undertaken, 
in conjunetion with ScHÖNnBURG'), a detailed investigation in which, 
according to them, it is clearly shown that the alloeinnamie acids 
are chemical isomerides. Their first series of experiments?) with the 
two modifications melting at 68° and 42° respectively led to the 
following conelusion: “Aus den in diesem Abschnitte beschriebenen 
70 Einzelversuchen geht hervor, dass die stabile 68° - Säure und die 
metastabile 42° - Säure bei Abwesenheit von Keimen unverändert 
umzukrystallisieren sind; die erstere aber mit Sicherheit nur dann, 
wenn bei dem Lösungsakte und bei den späteren Vorgängen die 
Temperatur ihres Schmelzpunktes bzw. des durch das Lösungsmittel 
erniedrigten Schmelzpunktes nicht erreicht wird, wenn also ein 
Schmelzen der 68° - Säurekrystalle vermieden wird. Tritt dieses ein, 
so kann 42° - Säure als Krystallisationsproduet auftreten. Hiernach 
bewahren also die beiden Säuren in ihren Lösungen bei genau be- 
kannten Bedingungen ihre Individualität. Die Lösungen beider Säuren 
sind trotz der gleichen Lichtabsorption und trotz der gleichen Leit- 
fähigkeit doch verschieden. Die Allozimtsäure (68°) und die Isozimt- 
säure (42°) sind zwei chemisch isomere Verbindungen”. On page 233 
of the same communication this conclusion is extended to the case 
of the acid melting at 58°. 

It appeared to me to be not impossible that the above mentioned 
investigators had been led astray by the presence of erystal nuclei 
which, as is only too well known, play a prominent part in the 


1) Annalen, 402, 187 (1914). 
2) loc. cit. p. 199. 
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case of these acid forms. This was the more probable, since it is 
clear from their eommunication that they had formed no adequate 
idea of the nuclei in question. Although they mention the “beim 
Einfüllen der Lösung etwa an den Wandungen entstandenen Keime’ '), 
they neglect to give sufficient attention to the nuclei which can 
oceur in the solution, and to those which are notoriously present 
in the air. 

Before deseribing how the experiments of STOBBE and SCHÖNBURG 
were repeated, it is desirable to discuss the considerations which 
form the basis of the experimental method adopted. 

By “nuclei” are to be understood molecular complexes which 
remain over from the solid state after solution, and which can be 
formed in the liquid as a preliminary to erystallisation. 

According to the solvent used, nuclei and single molecules, or 
nuclei, double molecules and single molecules can occur in the 
solution. 

lf a solution of one of the forms of alloeinnamie acid is prepared, 
a complete or an incomplete dissociation into single molecules 
results, according to the temperature and the concentration. The 
higher the temperature and the smaller the concentration, the more 
complete is the dissociation. It is thus possible to prepare two 
kinds of solutions, namely, those which contain only single mole- 
ceules, and those which, in addition, contain also nueclei. In solvents 
in which double molecules can oceur, a third kind of solution is 
also possible containing single and double molecules, while a 
solution with nuclei may also at the same time contain single and 
double moleeules. 

While within the solutions equilibria between the different kinds 
of molecules are established, for which, of course, a longer time 
is required according as the molecules are more strongly held together, 
the concentration of the solution is greater, and the temperature 
lower; equilibria are also established above the solutions between 
the nuclei, the double-molecules and the single molecules. These 
equilibria are dependent on the composition of the solution. 

It is now suffieiently known from experimental investigation, 
that the atmospherie nuclei of the forms of alloeinnamie acid are 
very persistent. It follows therefore from this that the equilibrium 
in the air lags behind variations in the solution. As a consequence 
nuclei are often still present in the air when the solution consists 
of single molecules only. 


I) loc. cit. p. 198. 
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In the experiments it is therefore especially necessary to exclude 
the dangerous air-nuclei, and, at the same time, to give the solutions 
suffieient opportunity to reach the equilibrium condition. 

The experiments of Stosse and ScHönßure were repeated with 
due regard to tbese considerations in the following manner. The 
solutions were prepared some time before the distillation and were 
kept during this time in the dark. At the same time the solutions 
were several times transferred to another flask. During this process 
the air nuclei were got rid of by transferring the solution first of 
all to a small flask which was filled to the brim, blowing away 
the air above it, and then pouring it into the new flask. Before use 
any nuclei still remaining in the air above the solution were 
removed by filling outside the laboratory a small measuring eylinder 
to the brim with the solution and blowing away the air over it. 
The solution was then ponured from the eylinder through a glass 
funnel into a distillation flask (50 c.e. to 100 e.e.). The latter was 
closed by means of a cork through which passed a glass tube 
reaching to the middle of the bulb of the flask. A plug of cotton 
wool was inserted into the glass tube, while a larger plug was tied 
round the tube externally, fitting into the neck of the flask above 
the side-tube. Both the flask and the tube with the plugs were 
heated for several hours beforehand in a steam-heated air oven. In 
fitting them together care was taken that the fingers did not come 
into contact with any interior part. 

In order to exelude the possibility of accidental inoculation, a 
rapid eurrent of air saturated with the solvent was drawn through 
the flask for about five minutes. The air was led in through the 
tube, so that any atmospherie nuclei present could be carried off 
through the side-tube. The cork was now raised a little, and, by 
means of a copper wire, which had been heated red-hot, the larger 
of the cotton wool plugs was pushed below the side-tube of the 
flask. The latter was then closed again by the cork. 

Since Stosßr and ScHöngurG observed that the melting of the 
68°- and the 58°-acid, which takes place in petroleum ether and in 
water at 50° and 40°-—-42° respectively, must be avoided, as this 
gives rise to the formation of 42°-acid, it was necessary lo drive 
off the solvent at a temperature not exceeding 35°. At this tempera- 
ture they found no transformation of the two higher melting forms 
into the 42°-acid. 

When the eoncentration of the solutions was small, the distillation 
was generally effected in a partial vacunm, while with more 
concentrated solutions the solvent was evaporated by means of a 
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eurrent of dry air at ordinary temperatures (25°-—30°). After the 
distillation and after the removal of the remainder of the solvent 
by a dry air current, the flask was closed and placed in ice, where- 
upon after a longer or shorter time erystallisation began. 

The preparation of the allocinnamie acid by subjecting an aqueous 
solution of sodium or potassium einnamate (containing about 1°), 
acid) to light was somewhat modified, so that a more rapid trans- 
formation was attained, and at the same time the unaltered einnamie 
acid could easily be used again. 

Flat tin-plate vessels were used. In these the solution was set 
out in the daylight, and the water lost by evaporation was made 
up daily. After about eight to fourteen days, exposure the solutions 
were worked up. 

In order to separate out the allocinnamic acid the solution was 
evaporated to about one tenth of its volume and acidified with 
sulphurie acid when cold. After cooling, the normal einnamie acid 
was filtered off, washed, and immediately after drying was used 
again for the preparation of a new solution. If this acid melts on 
the water-bath, then alloeinnamie acid is still present. This can be 
extracted by means of hot ligroin. The filtrate was neutralised with 
alkali, and the solution then evaporated, until erystals began to form. 
After cooling sulphurie acid was added, which eaused the alloeinnamie 
acid to separate out as an oil. This is dissolved in ligroin, and the 
solution is allowed to crystallise quietly after “seeding’”” with the 
68°- or the 58°-acid as required. 

These forms erystallise in large crystals, which even by their 
appearance and also by their melting points are easily distinguished 
from the cerystals of the double acid of normal and alloeinnamie 
acids, which occurs only in small quantity. In this way almost 
perfectly colourless erystals are obtained at first which, after reery- 
stalliiing once from petroleum ether solution, are quite- pure. 
Repetition of the above procedure yields erystals with a pale yellow 
colour. These may be decolourised in aleoholie solution by means of 
animal charcoal. | 

The water solution can afterwards be extracted with ether and 
yields a further small quantity of impure alloeinnamie acid. 

The transformation of the 68%-acid into the 58--acid is easily 
brought about by boiling the erystals with a little. water for a 
quarter of an hour. The flask is then closed by. means of cotton- 
wool, and the boiling continued. On eooling the alloeinnamie acid 
separates out in oily drops which are transformed into the 49%-aeid 
in ice. If the solution with the oily .drops is “seeded” with a trace 
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of the 58°-acid, beautiful needle erystals of this acid are formed 
on standing. j 

Experiment gave the following result: 

Solutions of the 58°-acid and the 68°-acid in petroleum ether, 
saturated at 25° (about 0.26 grm. and 0.17 grm. in 5 c.c. respectively) 
were allowed to- stand for eight days in the dark at 25° to 30°. 
Without the previous presence of crystals the solutions gave, on 
evaporation of the solvent at the ordinary temperature by means ot 
a current of air, a residue which in ice was transformed into 
the 42°-acid. 

After having stood for eight days in the dark, less econcentrated 
solutions of the two acids gave always the 42°%-acid. This 42°-acid 
remained unchanged during the whole period of observation, about 
one month. 

If, however, the solvent was distilled off immediately after the 
preparation of the solution, it was found impossible to effect the 
transformation even of a solution containing only 0.05 grm. of either 
of the two acid forms in 5 e.c., into the 42°-acid. Solutions in 
petroleum ether which were kept for eight days before distillation 
in contact with erystals of one or other of the two higher melting 
forms, gave, either during or immediately after the distillation of 
the solvent, erystals of the acid from which the solution was made. 

LiEBERMANN and Trucksäss') succeeded frequently in exeluding nuclei 
of the higher melting acids by filtering the petroleum ether solution 
and afterwards heating it on a water bath at 35°. In six out of ten 
experiments with 68°-acid the transformation into the 42°-acid was 
effected. The same result was obtained with the 58°-acid in two 
out of four cases. 

Experiments were carried out to ascertain if it were not perhaps 
possible to remove the nuclei more quickly than by a complete 
dissociation at ordinary temperature. The same procedure was 
adopted as before to exelude atmospherie nuclei. Heating at 35° was 
however, omitted. It was found that when solutions, almost satu 
rated at the ordinary temperature and prepared immediately before- 
hand, were filtered through cotton-wool, ordinary filterpaper, or 
even tbrough quantitative filterpaper, they yielded the original 
acids. If the solutions, even those containing erystals, were filtered 
after standing for twenty four hours, a residue was frequently, 
though not always, obtained, which yielded erystals of the +42°-acid. 
The reason for this may be ascribed to an alteration in the size 


1) Ber. 43, 411 (1910). 
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and also in the number of the nuclei, or possibly in both causes 
together. The transformation of the nuclei of the 68°- and the 58°- 
acid in ethyl ether and benzene solutions, saturated at 25°, without 
erystals, did not take place even after they had stood in the dark for 
fourteen days. This is very probably due to the great concentration 
of the solutions. At 25° about 4.4 grms. of 58°%-acid is soluble in 
1.6 grms. of ethylether, and about 4.6 grms. in 2.3 grms. of benzene. 
The 68°-acid dissolves to the extent of about 6.6 grms. in 3.2 grms. 
of ethylether and about 4 grms. in 3 grms. of benzene. 

An ether solution containing 2 grms. of 68°%-acid in 5 c.c. and a 
benzene solution containing 2.1 grms. of acid in 3.6 grms. of solvent, 
gave a residue after standing for eight days in the dark which 
yielded the 42°-acid on erystallisation. After two months, standing 
in the dark a solution containing 2 grms. ofthe 58°-acid in 1.6 grms. 
of ether and a benzene solution with 1.8 grms. of acid in 2.5 grms. 
of solvent gave also a residue which erystallised out as 42°-acid. 
An attempt to remove the nuclei from ethylether and benzene 
solutions, saturated at 25°, by filtration through cotton wool or 
filter paper was not successful, even when the solutions had been 
kept for more than ten days free from erystals. 

From the foregoing it appears that the transition of the 58°-acid 
and the 68°-acid into the 42°-form in solution can take place inde- 
pendently of the melting of these forms, and that at 25°—30° they 
can form solutions which, apart from differences of concentration, 
are identical, provided that the nuclei are afforded an opportunity 
for transformation, and that atmospherie nuclei are excluded. When, 
however, the concentration of the solution is high, as may be the 
case with ether and benzene solutions, then it is not possible to 
break up the nuclei, or to remove them by filtration. In this case 
there exists most probably an equilibrium between the nuclei and 
the other molecules. 

One of the prineipal arguments of StoBßBE and ScHönBure for the 
ahemical isomerism of these acid forms is thus rendered ineffective, 
while the results are in complete agreement with the assumption of 
the trimorphism of the allo-cinnamie acids. 

In connection with what StoßßE and ScHönßUuRG have communicated 
regarding the transformation of the 42°-acid and the 58°-acid into 
the 68°-acid at —14° (ice and salt), it was of importance to investi- 
gate if the same change also took place in solution. 

Various solvents were used. The most important results were 
‚obtained with water, so that these may be detailed first. 

An experiment was made with 68°-acid which had been freed 
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from 68°-acid nuclei by boiling with water. The solution was evapo- 
rated down until the acid separated out as an oil at ordinary 
temperature. This solution gives erystals of 42°-acid on cooling to 
0°. The presence of a small quantity of liquid acid indicates at 
once the occeurrence of undesired inoculation. 

Small quantities of this-solution were introduced into the flasks 
with the eotton wool plugs. 

After filling and drawing air through the flask, the solution was 
again boiled. After cooling the flasks were placed in a freezing 
mixture. The temperature of the mixture was in some experiments 
about —10°, in others about —16°. After twenty-four hours these tem- 
peratures were 0° and 5° respectively. (The mixtures were kept in 
a box packed with hay). 

The cooling was continued until transformation had taken place. 
This point is easily recognised from the more copious erystallisation 
and also from the form of the erystals. After the ice had melted, 
the flask was opened, the tube with the plug withdrawn, and the 
solution carefully poured out so that the erystals as far as possible 
remained in the flask. The flask was then closed in the usual way, 
and the few drops of water were removed by means of a stream 
of dry air at the ordinary temperature. The melting point was then 
determined. 

It was found that, whenever the initial temperature of the 
mixture was —10°, the 58°-acid was always formed, while, when 
the initial temperature was —16°, the 58°-acid was formed in 
nearly as many cases as the 68°-acid. (58°-acid in five experiments 
and 68°-acid in seven). There is apparently a range of temperature 
within which the 58°-acid is formed, while at lower temperatures 
the 68°-acid is obtained. 

The transformation at —10° sometimes requires several days; 
at —16° it is complete after a few hours. In this way a method 
is given by which one or other of these acid forms may be prepared. 
Experiments with a solution in petroleum ether of low boiling-point 
were carried out as follows. A dilute solution of the 68°-acid in 
petroleum ether was prepared and freed from nuclei at the ordinary 
temperature. Portions of this solution were introduced into several 
flasks through which a rapid stream of air was drawn. After the 
eotton-wool plug had been pushed below the side tube, a large 
portion of the solvent was distilled off. The solution was then cooled. 
It was found that, both when the initial temperature was —10° and 
when it was —16°, the 58°-acid was obtained in several cases, but 
generally the 68°-acid was formed. 
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tions of suitable eoncentration, while even a chloroform solution 
which contained 35.4°/, by weight of allocinnamie acid, and in 
which, therefore, donble molecules were certainly ‘present, no trans- 
formation was observed after six days’ eooling. In my opinion the 
explanation of this is that only solutions containing nuclei can be 
transformed, and that there exists only one kind of double moleeule. 
Van Der Waurs’ supposition that double moleeules consist merely 
in the temporary association of the single moleeules, is thus rendered 
more probable. Further investigation is required to elear up this point. 
In the nuclei we have thus a determinate arrangement of the 
moleeules. They represent the smallest partieles of the substance 
in the solid condition, the simplest nucleus eonsisting of two mole- 
eules. It is not necessary to assume that the moleeules are united’ 
at the carboxyl gronps in order to explain the existence of different 
isomerides, since, as | have found, eoumarine, which has no carboxyl 
group in the molecule, oceurs also in a metastable form. It appears 
io me more probable that the reason for tlıe oceurrence of isomerides 
must be sought in te double bond. I hope shortly to return to this point. 
Stosse and Schöxsuee (p. 200) consider the oceurrence of “Lösungs- 
gemische” of the 42°- and the 68°-acid as an argument for the 
isomerism of these acids. It is clear from what has been said above, 
that the nuclei in the solution play an important part. The authors 
have however, interpreted their experiments in a different sense. 
They supposed that they had found that “In jedem Einzelfalle als 
Verdampfungsrückstand 68°-Säure erhalten wird nach einem Gesamt- 
zusatz von 2.9-—4.1 Proz. 68°-Säure, d.h. waren weniger als 2.9 
Proz. 68°-Säure zur 42°-Säurelösung zugesetzt, so schmolz der Ver- 
dampfungsrückstand bei 42°; betrug der Zusatz mehr als 4.1° Proz. 
68°-Säure, so zeigte der Verdampfungsrückstand den Schmelzp. 68°”. 
They therefore eonelude that the distillation residues are to be 
regarded as mixtures of the 42°-acid and the 68°-acid. On p. 204 
they state: “Wenn, wie oben gezeigt worden, die Lösung von der 68°- 
Säure verschieden von der Lösung der 42°-Säure ist, und wenn nach 
Zusatz von wenig 68°-Säurelösung zur 42°-Säurelösung ein bei 42° 
schmelzender Verdampfungsrückstand erhalten wird, so kann dieser 
nieht reine 42°-Säure (fest) sein. Es muss vielmehr ein Gemisch der 
beiden isomeren Säuren sein”. It is then assumed that solid solutions 
of these forms exist, and that the erystals are mixed crystals of the 
49%-acid and tlıe 68°-aeid. It is obvious from what has been said 
above that this hypothesis is devoid of foundation. 
Also on theoretical grounds, from the point of view of the 
authors, this hypothesis is untenable. 
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If the 68°-acid and the 42°-acid are chemically different, the “seeding” 
power of the former must be a property resident in the molecule. 
It is therefore impossible to explain why a nucleus of 68)-acid or 
a trace of this substance is capable in a short time of converting a 
large quantity of 42°-acid, while, when the molecules of the 68°- 
acid were distributed in a regular manner among those of the 42°- 
acid, as must be the case with mixed erystals, no transformation 
took place until 2.9 °/, of 68°-acid was present. 

Fusion experiments have also led these investigators to assume 
the existence of solid solutions or mixed erystals. On p. 213 they 
write: “Ein Teil der eben besprochenen, bei 42° schmelzenden 
Erstarrungsproducte. bleibt jahrelang unverändert, ein anderer Teil 
verwandelt sich bei Zimmertemperatur, zuweilen schon nach Minuten 
oder Stunden ohne erkennbare Ursache in 68°-Säure. Diese erstarr- 
ten Schmelzen sind also unter einander nicht gleich; sie sind ebenso 
wie die aus den Lösungsgemischen erhaltenen Verdampfungsrück- 
stände, feste Lösungen oder Mischkristalle mit wechselnden Anteilen 
68°-Säure und +42°-Säure '). It is not altogether improbable that 
these transformations could be brought about by one or more atmos- 
pherie nuclei which had not been broken up, in cases where no 
care had been taken to ensure the removal of these. A single nucleus 
remaining in the melt is sufficient to cause transformations of this kind. 

On the assumption of the trimorphie nature of alloeinnamie acid 
‚it might be expected that, when the different forms were melted, 
the dissociation into single molecules would be more complete 
according as the time of heating islonger and the temperature higher, 
This was confirmed by Stoß and Schönsure for the 58°-acid 
(p. 239) and the 68°-acid (p. 211). In these experiments only 5—7 mgr. 
was introduced into each capillary. Experiments with 10—50 mgr. 
of the 68°-acid in larger capillaries showed that even heating for 
twenty-five minutes at 70° was not sufficient, even in a single case, 
to bring about a permanent change into the 42°-acid, while on 
heating 5—7 mgr. of the acid for- ten minutes the transformation 
was effected in four out of ten experiments. The same thing has 
already been stated by other observers, namely, that large quantities 
are more diffieultly transformable than small quantities. 


!) The opinion of Sroser that a solid solution is the same thing as nuclei in a 
melt, is’ certainly by no means always correct. Nuclei are moleeule-complexes, and 
the molecules of the nuclei in different parts of the melt with nuclei are not 
necessarily uniformly distributed. On the other hand it is precisely in the case of 


a solid solution or of mixed cerystals that we have a uniform distribution of the 
molecules among themselves. 
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The presence of nuclei affords an easy explanation of this. Let 
us suppose, for example, that the dissociation of the 68°-acid is 
allowed to proceed so far that there are now only two nuclei 
remaining in 20 mgr. of {he substance. 

Suppose also that the substanee may now be divided into four 
equal parts. In two parts. there are now at the most one nucleus 
each; in the other two-parts there is no nucleus. In this way. we 
have, using portions of 5 mgr., 50 °/, of the substance transformed 
into 42°-acid under the applied conditions of temperature and heating. 
If the substance had not been subdivided, then the 20 mgr. with 
the two nuclei would have been transformed, either immediately or 
after several hours, into 68°-acid.') It is now easy to see that, if 
the probability of transformation for 5 mgr. is 50 °/,, it is 25°/, for 
10 mgr., 12.5 °/, for 20 mgr., 6.25 °/, for 40 mgr., etec., that is, the 
probability of complete (ransformation with a given temperature and 
time of heating becomes smaller and smaller as greater quantities 
of substance are used. 

For each experiment SToBBk and ScHönßurg heated only ten tubes, 
so that the figures obtained by them are certainly not to be used 
as mean values. They found, for example, on heating 5—7 mgr. of 
68°-acid for 10 minutes at 70° that four tubes out of the ten were 
transformed. (In the case that one part melted at 42° and another 
at 68°, complete transformation was not obtained). At 100° also only 
four of the ten showed a transformation into the 42°-acid. At 70° 
the mean value was probably somewhat lower. If we assume that 
the mean for ten minutes’ heating at 70° was 40°/,, then the 
probability of the conversion of 0.05 gr. in ten minutes is only 
5°/,, that is, (he conversion should take place in one experiment 
out of twenty. 

In order to investigate if perhaps atmospherie nuclei were in part 
responsible for the diffieulty of the transformation, quantities of the 
68°-acid were melted in U-tubes. One limb of these U-tubes was 
provided with a plug of cottonwool. Through this limb a rapid 
eurrent of air at 70° was drawn during the time the U-tube was 
being heated in a water-bath at 70°, in order to drive out the air 
nuclei through the other limb. 

After the heating the other limb was closed by means ofa cotton 
wool plug. Working in this way 1 was as unsuccessful as SToBBk 
and ScHöngurg in transforming 0.05 gr. of 68°-acid permanently 
into 42°-acid by heating for twenty minutes at 70°. 


!) This is the reason for the phenomenon, observed by StosBE and ScHÖöNBURG, 
that in the capillary tubes some portions melted at 42° and others at 68° or 58°. 
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In this experiment it frequently happened that the melt first erystal- 
lised to the 42°-acid and afterwards was transformed back into the 
68°-acid. This was also noticed by Srosss and Scnöngurg. This 
phenomenon is therefore not due to atmospherie nuclei, but to nuclei 
in the liquid. 

Although for a permanent transformation into the 42°-acid a 
complete absence of 68°-acid nuelei is essential, it is, of course, to 
be understood that a single nucleus of this acid, remaining over 
on melting the acid, is not necessarily sufficient to cause an 
immediate transformation of the melt. This may only take place 
after the lapse of several hours. Moreover, the nuclei vary in size, 
and the effect produced by the smallest, which is probably built up 
of only two molecules of allocinnamie acid, is presumably less 
effective and less rapid than that of nuclei consisting of several moleeules. 

From the foregoing it appears that the arguments used by STOBBE 
and SCHÖNBURG in support of the chemical isomerism of the allocin- 
namic acids are fallacious, while the experimental results obtained 
admit of satisfactory explanation on the assumption of the trimorphism 
of these acids. 


Short summary of the results obtained. 


1. An experimental method was worked out and applied by which 
it is possible to avoid inoculation, to exclude atmospherie nuclei, and to 
bring about the complete dissociation of those nuclei present in the liquid. 

2. With this method it was shown that dilute solutions of the 
58°-acid and the 68°-acid give, after removal of the solvent by distil- 

'lation at ordinary temperature, a residue which is transformed into 
the 42°-acid. 

3. When the concentration of the solutions of the 58°-acid and the 
68°-acid is great, as may oceur with ether and benzene as solvents, these 
acids are not transformed into the 42°-acid at ordinary temperatures. 

4. The solutions may be transformed by cooling in ice and salt. 
In this way an aqueous solution eontaining no nuclei of the 58°- 
acid or the 68°-acid gives at —10° the 58°-acid and at — 16° the 
58°-acid or the 68°-acid. 

9. In the solid state the acid forms appear to be unaltered after 
cooling for six days in ice and salt. 

6. The arguments of Sroper and SCHÖöNnBURG in support of the 
chemical isomerism of these acids are shown to be fallacious. All 
the results obtained are completely explicable on the assumption 
that the alloeinnamie acids are trimorphous. 

Buitenzorg, January 1919. 


Chemistry. — A. W. K. de Jone. “The Truzillie Acids”. (Communi- 
cated by Prof. van RoMBURGH.) 


(Gommunicated at the meeting of May 3, 1919). 


The separation of truwillice acids from ceinnamic acid. Since 
mixtures of cinnamie acid and the truxillie acids are obtained by 
the action of light on the salts of the former, it was necessary to 
be in possession of a good method of separation. 

Although various attempts have been made to carry out the 
separation in the wet way, these have so far failed to yield 
quantitative results. This is partly due to the increased solubility of 
the truxillie acids in presence of other truxillie acids and especially 
of einnamie acid; and partly to the smallness of the quantity of the 
truxillie acids compared with the einnamie acid present. With petro- 
leum ether, for example, undoubtedly one of the best solvents for the pur- 
pose, no quantitative separation is obtained, since ß-cocaic acid and 
d-truxillie acid arevery appreeiably soluble in proportion to the amount 
of einnamie acid present. The same is true in a less degree of the 
other acids. 

The attempt was also made to effect the separation by means 
of the acid potassium salt, which is diffieultly soluble in alcohol. 
This, however, appeared to be impracticable, since some of the 
truxillie acids were also precipitated to some extent. 

For the present there remains only the sublimation method. This, 
however, with Rımer’s apparatus proceeds very slowly. For this 
reason the sublimation was carried out at ordinary pressure in a 
current of air at 130°, The substance was placed in a little boat, 
which in its turn was "placed in a glass tube. The whole was heated in 
a sand bath at 130°. Sublimation was continued until the weight 
of the residue became constant. 

Separation of the truxille acıds from each other. The acids were 
dissolved in the calceulated quantity of N/,, potassium hydroxide 
solution on heating. To the solution anhydrous calcium chloride 
was added, 1.5 grm. for each 10 c.c. of solution. After twenty- 
four hours the preeipitate, which may contain the caleium salts of 
ß-, d- and e-truxillie acid, was filtered off and washed with calecium 
chloride solution (1.5 grm. per 10 c.c.). The acids in the filtrate 
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were separated by means of hydrochlorie acid and ether and then 
weighed. 

They were once more dissolved in the caleulated quantity of 
N/,, potassium hydroxide, and calcium chloride (1.5 grm. for each 
10 e.c.) again added. After twenty-four hours the precipitate was 
filtered and washed with a little caleium chloride solution (1.5 grm. 
in 10 e.c.). The preeipitate is added to that first obtained. 

Separation of B-, d-, and e-trurillice acids. The calcium salts are 
treated with hydrochlorie acid and ether, and the aeids dissolved in 
the caleulated quantity of N/10 potassium hydroxide. Twice the 
volume of water is then added, and as much N/10 barium chloride 
solution as was used of N/10 potassium hydroxide. After twenty- 
four hours the preeipitate is filtered and washed with water. It 
consists of the barium salts of - and e-truxillie acid. The acids are 
extracted from the filtrate by means of hydrochlorie acid and ether. 
They are redissolved in N/10 potassium hydroxide. Twice the volume 
of water is added, and as much N/10 barium chloride as was used 
of N/10 potassium hydroxide. In this way a little more ß- and e- 
truxillie acids are obtained as barium salts. The filtrate now obtained 
yields d-truxillie acid with hydrochlorie acid and ether, which, if 
necessary, can be purified by recrystallisation from boiling water. 

The preeipitated barium salts are boiled with water, cooled, and 
filtered. Hydrochlorie acid is added to the filtrate. If a precipitate 
is formed, the above treatment is repeated until no preeipitate is 
obtained. The filtrates yield e-truxillie acid on treatment with hydro- 
chlorid acid and ether. This may be purified, if necessary, by 
recrystallisation from boiling water. The undissolved barium salt 
gives P-truxillie acid with hydrochlorie acid and ether. 

Separation of a-, y-truwillice acıds and P-cocaic acid. To the filtrate 
from the preeipitated caleium salts 8.5 grms of anhydrous caleium 
chloride per 10 c.c. is added. The preeipitate is filtered after twenty- 
four hours and washed with a solution of caleinm chloride prepared 
by dissolving in water as much calcium chloride in grams as there 
are c.c.s of water. The acids are extracted from the filtrate, and 
these are subjected to a similar procedare in order to separate a 
small quantity of p-cocaie acid as calcium salt. The preeipitated 
caleium salt gives p-cocaic acid, when treated with hydrochlorie acid 
and ether. This may be recrystallised from boiling water if necessary. 

The filtrate from the precipitated caleium salt gives a- and Y- 
truxillie acid with hydrochlorie acid and ether. In order to separate 
these the acid mixture is boiled with water (25 c.c. per 0.1 grm.) 
with a reflux condenser for half an hour and is then filtered bot. 
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The residue. consists of a«-truxillie acid. On cooling the filtrate 
yields y-truxillie acid which, if necessary, may be recrystallised 
from boiling water. 

In order to test the effectiveness of the method of separation a 
mixture of the six truxillie acids was subjected to the treatment 
above described with the following result. | 

Melting point 


after recrystal- 
lisation from 


Quantity used |Quantity found 


grm. grm. Melting point. 


water. 
x-truxillic acid 0.119 0.086 270° —_ 
ß r > 0.100 0.096 202° — 204° 2 
Y - 5 0.134 0.099 200° — 215° 220° — 226° 
2 Por BR 0.106 0.132 gummy 172° — 1749 
a F 0.078 0.079 208° — 220° 230° 
ß-cocaic „ 0.106 0.120 165° — 175° 189° — 190° 

Total . . 0.643 0.612 


For the sum of the «- and the y-acid 0.224 grm. was found. 

The method is therefore sufficient for the deteetion of the truxillie 
acids in presence of each other. If there are only two truxillic acids 
in the mixture an almost quantitative separation may be effected. 

From the above separation several properties of the truxillie acids 
may be noted. The following may be added. 

B-cocaie acid‘) forms with einnamice acid a well erystallised double 
acid with equal proportions of the components. This is obtained by 
boiling a petroleum ether solution of cinnamie acid, saturated at the 
ordinary temperature, with a little 3-cocaie acid until the latter is 
dissolved (0.1 grm P-cocaie acid in 500 e.c.). On cooling the double 
acid separates out, frequently only after several days, in long needles, 
which melt at 139°. The filtrate gives a fresh quantity of double 
acid whenever 0.1 grm. of each of the acids is dissolved in it by 
boiling. The composition is determined by sublimation at 130°— 140°. 
The solubility of y-truxillie acid in chloroform is increased in a 
remarkable degree by the presence of B-cocaie acid. 

The ammonium salts of the truxillic acids slowly lose their ammonia 
when their aqueous solutions are evaporated on a water bathı and 
are transformed into the free acids. The ammonium salt of einnamie 


acid also possesses this property. 


1) The acid (m.p. 190°) formerly separated from the acids derived from the 
coca-alkaloids appears to be A-cocaic acid. 
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Physies. — “The Propagation of Light in Moving, Transparent, 
Sohd Substances. 11. Measurements on the Fızrau-Efject in 
Quartz”. By Prof. P. Zusman and Miss A. SNETHLAGE. 


(Communicated at the meeting of May 3, 1919) 


1. In communication I the apparatus has been described that has 
proved suitable for the investigation of the Fızsau effect in solid 
substances. 

We have now carried out experiments with quartz, which was 
traversed by beams of light in the direction of the optical axis. We 
were led to the choice of this substance by the consideration that 
in general, erystals are the most homogeneous bodies that we know, 
and the scattering of light in a erystal must be exceedingly slight 
on account of its regular structure '). 

It appeared to us later that the best optical glass, for our purpose, 
can be compared in some respects with quartz, in others it is 
even preferable. 

In some series of experiments 10 quartz rods were used, supplied 
by the firm of Sters and Reuter, with endplanes normal to the optical 
axis, and of the dimensions 10 X 1.5 x 1.5 em. Later on four similar 
rods supplied by the firm of A. Hırcer, Ltd. were added to them. 
For a series of experiments the rods were joined together to form 
a column of a length of 100 cm.; in a second series of 140 cm. 
They were placed one behind another in a groove wlıich was milled 
in & wooden beam, fastened to the driving apparatus by means of 
four solid screws. The different rods are separated from each other by 
rubber dises with round apertures of a diameter of about 13 mm. 
Each quartz rod rests in a groove 13 mm. deep, and is pressed 
down by two brass plates, fastened with screws in the upper 
surface of the wooden beam, a thin piece of cork being placed under 
the plates. The space remaining at the ends of the groove is filled 
up by a piece of brass tubing. Solid brass plates, which clasp the 
beam, shut off the ends of the groove. 


') Lorentz. Theories statistiques en thermodynamique, p. 42. 
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2. In order to place the quartz rods in the groove, we proceeded 
in the following way. After the interference-bands had been produced 
with great distinetness, and the beam had been placed on the apparatus, 
one quartz sod was put in the groove, and if necessary the inter- 
ference-lines were made distinet anew. It was then ascertained 
which of the four positions obtained by rotating the rod round its 
longitudinal axis, gives bands that change least, when the machine 
is made to assume different positions. Then the second rod is placed 
behind the first, likewise in four positions ete., till all the rods have 
been arranged. In order to prevent reflected light from entering the 
interferometer, each of the rods is placed in a somewhat sloping 
position by putting a piece of thin cardboard at one end. The rods 
are put in one by one. After each addition it is tried, whether the 
correct position has been obtained. 

We may still remark in this connection that the glass eylinders 
with which we have made experiments (see the following commu- 
nication) have been manufactured so exceedingly well by the firm of 
Zeiss, that on rotation about the longitudinal axis in a eylindrical 
groove there does not appear an appreciable change of the inter- 
ference bands. Hence the optical control becomes a great deal simpler 
than for quartz. The interference bands finally photographed through 
the quartz column are decidedly less distinet than the interference 

bands that are observed when the column has been removed. The 
lines have become slightly diffuse. This is not the case when the 
glass cylinders of Zrıss have been introduced. The diameter amounted 
to 25 mm. with a length of 20 cm. As there were used six ceylin- 
ders, there were twelve reflecting planes for a total length of glass of 
120 em. In the experiments with the quartz column of 140 cm. 
length the number of reflecting planes amounted to twenty-eight. Though 
this great number of reflecting planes must have an unfavourable 
influence on the distinetness of the system of fringes, yet it was 
beyond all doubt that it was not owing to this cause that the quartz 
column had a more unfavourable influence than the glass column. 
We might still have eliminated the refleetions on the interfaces by 
introdueing a liquid of the mean index of refraclion of quartz be- 
- tween the successive rods. The complication of the apparatus, which 
would ensue from this, and the unfavourable experience which 
we had with moving liquids, made us resolve to put up with the 


reflections. 


3. As souree of light a 12% Amperes arc-lamp was used, the light 
of which was made suffieiently monochromatie by means of filters. 
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Experiments were carried out with three different colonrs, the effective 


wave-lengths of which amounted to 6510, 5380, 4750 Ä.U. 

4. When white light traverses the apparatus, we easily distinguish 
the central band. Its centre is the point whose displacement we 
should wish to measure in an experiment witb white light. Also for 
ineident monochromatie light we can speak of the centre of the central 
band. It is the point that remains fixed when the interference lines 
rotate, or become narrower or wider through any cause that does 
not depend on the Fizeau effect. The position of the centre can be 
determined by means of the horizontal and movable vertical cross- 
wires in the telescope, by subjecting the interference bands to some 
modification with the compensator, thus causing the centre to be 
observed clearly. 

When the centre has been determined, the movable vertical wire 
is displaced over a few bands, so that this wire can have no 
disturbing influence on the measurement on the photo. 

A series of photos is then taken on one photographie plate, in 
which the directions of the movement alternated. 

The observed effect is derived from the displacement of the centre. 
Of course plates on which a notable rotation of the interference 
bands has occurred, are rejected. 


5. The following table may serve as an example of the results 
obtained by measurement of a plate taken with: 


Green light = 5380 Ä.U. 


Maximum | Length of Effect reduced 
et velocity | column |Observed |to Im. of quartz ne ss 
plate in cm. |of quartz effect land max. velo- n : = 
per sec. in cm. | city 10 meters Dat 
48 750 100 92 123 
137 183 
118 157 152 
99 132 
125 167 


The effects are given in thousandths of the distance of the fringes. 
Altogether photos have been taken on eleven plates with green light 
2— 5380 Ä.U. In all fifty-one values have been obtained in this way 
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for the observed effect, but not the same number of photos have been 
taken on all plates as on Nr. 48. The veloeities used ranged between 
750 and 950 em./see. the length of the quartz column being 100 em. 
for nine plates, and 140 em. for two. The obtained values may now 
be used in two ways to derive a final result from them. For each 
plate a mean value can be derived, and the arithmetical. mean may 
be taken of the eleven values thus obtained. In this way: 


0,146 & 0,012, 


as final result of the effect reduced to a velocity of 1000 eın./see. and 
a length of quartz of 100 cm., the mean error being recorded after 
the # sign. 

Another way in which the values can be combined is by taking 
the arithmetical mean of the fifty-one values. Thus we find: 


0,148 + 0,006. 


From formula (4), which was given in our communication |, and 
will be proved presently, follows for the theoretical value of the 
effect: 


0,143. 


6. With red light 2 = 6510 Ä.U. twenty-seven values have been 
obtained for the effect on six plates. To eight of them corresponds a 
quartz column of 140 cm., to nineteen one of 100 cm. The veloeities 
range between 750 and 960 cm./sec. 

The result, when the mean values of the different plates are 
combined, is: 

0,123 & 0.014. 


The arithmetical mean of the twenty-seven separate values yields: 
0,125 + 0.007. 


The calculation gives for the expected effect: 


0.115. 


7. The results with violet light 2 = 4750 Ä. U. should be received 
with some diffidence, as it appeared afterwards that the violet filter 
transmitted some red light, which had not been detected at first. 
Hence it is possible that this cause slightly vitiated the later series. 
It must be said, however, that no trace of change could be ascer- 
tained in the values of the later series. 
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When the eight mean values of the different plates are combined, 


the result becomes: 
0,156 # 0.008 


The arithmetical mean of the thirty-one separate values differs very 


little from this: 
0,156 # 0.007 


The theoretical value is 0.166. 


8. We collect the results in. the following table. 


2 Dia Ar 
4750 0.156 & 0.007 0.166 
0.156 £ 0.008 
9380 0.148 £ 0.006 0.143 
0.148 £ 0.012 
6510 0.125 & 0 007 0.115 
0.123 & 0.014 


The observed displacement of the bands is indicated under A,. 
The mean error has been calculated in two ways, as was discussed 
above. The second values are those derived from the average of 
the mean values of the individual plates. 

Under A,; the theoretical value is given calculated by the aid of 
the data for the index of refraction for the ordinary ray in quartz, 
taken from Konurausch’s data. 

It is not to be denied that taking the partieular diffieulties of the 
experiments into consideration, the agreement between theory and 
observation is very satisfactory. 

The change of the effect with wave-length as well as the absolute 
value of the effect are represented very well. In the discussion of 
the experiments with glass, for which the dispersion is-greater than 
for quartz, we shall have an opportunity to point out the very 
pronounced influence of the dispersion term. 


9. The formula for the optical effect. We consider two of the 
rays which bring about the interferenee phenomenon, and which 
have passed over opposite paths. We shall denote quantities which 
refer to the first ray, by one accent, and those belonging to the 
second ray by a double accent. Each of the paths traversed, consists 
of three parts: 1 a path 1 in the air, 2 a path 2 in the quartz 
column, 3 a path 3 in the air. 


P. ZEEMAN and A. SNETHLAGE: “The Propagation of Light in 


Moving Transparent Solid Substances. II. Measurements of the 
Fizeau-Effect in Quartz”. 


‚Proceedings Royal Acad. Amsterdam. Vol. XXII. 
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The times expressed in seconds, which the light requires to pass 
over each of the parts we call resp. ?,,t/,,t’,,t",, ete. 

If the quartz is at rest, of course f, —=!", ete. If, however, the 
quartz moves with the velocity w, the time required to traverse the 
quartz column (length /) in the direction from 1 to 2 


= .“ 1 Ze Fr . . . . | (1) 


in which the difference between the velocity of the light in quartz, 
and of that of the column itself must be taken into account. While 
the light is passing through the quartz, the quartz moves on, hence 
it, is changed by an amount: 


lw 1 
= ER (2) 
C w C 
wow 
We get for the ray in the opposed direction: 
n I 
i,= . (3) 
c w 
u 
and for the other quantity: 
bw 1 
Ma 4 
nz C w C 
ar 
wu 


For the first ray the entire difference of time becomes, therefore: 


I lw 1 
2 


w 
1 1a ' 12 
u 


uw +2") Be 7,16) 
e% 6 6 


and for the other 


I w w 
a an" 2 5 ME ER | 
( +20) = 
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When we now consider that: 


du w f 
'— 12.0 Mr A 
u=u+ IR 
and 
du w 
EEE, BR ee 
= = dic 


we find, after substitution of this in the formulae (5) and (6), and 
after subtraction for the entire phase difference of the two rays 


that: — 
2lw du 
= —| —ıi— — 1 
. ( gar +4) 


or, on reversal of the direction of motion, an optical effect: — 


al d 
a=(n-1-1%)  .c 
C 


With regard to the dispersion term it is still noteworthy that 
in Fızrau’s experiment with water the light is transferred from 
w “ . 
standing water to moving water, and En must be written in the 
e/m 
R w 
formulae instead of —. 
C 


10. Derivation of formula (9) from the theory of relativity. 

After we had communicated formula (9) to Prof.. Lorentz, hehad 
the kindness to give us a derivation strietly from the theory of 
relativity, which will follow here. 

Let x’,t’ be a system of coordinates, in which the rod AB is at 

rest; length of the rod /’. | 
“ Light motion on the lefthand side of A: 


an? 47) en ee RE EEE 
c 


In the rod: 
' ' ' 
a,cosn|t!-———+p', 
| v 


On the righthand side of B: 


x 
a,cosn' (e ——+ P) ei 
€ 


v’ velocity of propagation belonging to n’. 
We easily find: 


ı ' ' ' 1 
"eat Born A 


[4 ® 
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Through the relativity transformation: 


' f b 
« =as—bit ,„, !=at——x Be 1 ee tt) 
c 


and 
! ! ' b ' 
= =a8 + bei:, tbzat ta 
c 
we may pass to a system, in which the rod moves with a veloecity: 
w Fr . . . . . . . . . (5) 


From (2) and (3) we derive 


et, cos E ( -°) - "pr | and «, cos E ( -2) +n'p “| .. (6) 


ne rn ee ae 


The phase difference between (1) and (2), i.e. the change of phase 
brought about by the presence of the rod, is given by (3)in angular 
measure, and this same difference of phase still exists between the 
expressions (6). 

Expressed in wave-lengths or periods, it is: 


la 1 
we =6-5)- Re enge) 


Here, however, we must express n’ and v’ in the n and v corre- 
sponding to it. When we neglect the terms of the second order, 


follows from (4) and (5), hence according to (7): 


ee 


dv 
ar 4+ an)” =n— 


"—=l 
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After substitution in (8) we find for the part of A that depends 
on w: 


nl -\. 1 n dv 


an clv c vdn)’ 
: ; } 2nc € 
or after introduction of n = Zw ve 
u 


I TE LE 
Ve 


by the aid of which (9) of $ 9 follows immediately. 


11. Direct determination of the velocity of the beam. 

In I $ 3 the method has been indicated by which the maximum 
velocity was determined. We have, however, also measured it 
directly by the following method, which was, not applied until the 
experiments with glass were undertaken, but which is described 
here, because it has confirmed the velocity determination on the 
supposition of a fly-wheel revolving with a constant angular velocity. 

To the beam DB is attached a black screen with two slits 
S, and 5, across which threads are stretched for accurate refer- 
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20 AP. 
ence. Consider only the slit S,, which moves in the field of light of 
the condenser /,. By the aid of the achromatic lens Z, a sharp image 
of 5, is projected on the plane R of the circular plate of a light inter- 
ruptor used for a large galvanometer. This latter apparatus, to which 
our attention was drawn by Mr. WERTHEIM SALOMONsoN, and which 
was put at our disposal by him, consists of an elecetromotor with a 
centrifugal speed indicator. One of the five axes of the apparatus 
revolves 25 times per second. The aluminium plate R (diameter 30 cm) 
has 40 slits in its eircumference, each about 1 mm. wide, so 
that 1000 flashes arise per second. The distance between two slits 
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is about 23 mm., so that light is allowed to pass during 1/20000 
second. 

An image of the stationary slit S,, projected on the photograpbie 
plate of the camera Ü, when the dise rotates, is reproduced in db, 
on the Plate, fig. 1: the two cross-wires are seen, and on the 
righthand side of- the slitthe rim of the eircular plate R, the 
centre of which lies on the left side. The dark circles are caused 
by reflections, but are of no consequence. 

When S, moves and the dise revolves, after every thousandth 
of a second the light is let through the slit in R, and S, is photo- 
graphed by means of the lens Z,. 

The images of S, assume an oblique position, because during the 
displacement of the beam, the slit in the dise gets continually 
higher in its movement. 

It is easy to see that the slope of the image is determined by 
the ratio of the velocity of the slit to that of the beam, or 
rather to that of the image on the disc. From the distances of S, 
and / to /,, and from Z, to R and the plate, tbe reduction which 
the velocity of the beam undergoes in the image, can be immediately 
estimated, or it can be directly measured by photographing a divided 
scale in the plane S, S,. The amount of obliqueness of the slit 
image (Plate fig. 2) immediately gives an approximate value of the 
velocity of tbe beam, which can, indeed, be found in a still 
simpler way from the distance of corresponding points of 5’, b".. 

For a more accurate determinalion of the velocity the second 
slit S,, which is at 4,15 em. distance from S,, can be of service. 
Let us suppose that about 1000 em./sec. have been found for the 
approximate value of the velocity of the beam, then 5, has shifted 
about 1 cm. after every thousandth of a second,,and S, gets about 
to the first position of S, after four thousandths of asecond. Hence 
between the images of 5, an image of S, viz a,', will appear 
in general on the photo, from which the position of the slit images 
can be accurately derived, and then we know that in order for the 
beam to move a distance 4,15 em., 4—+ a fraction thousandths of 
seconds are required, which can be measured from the relative 
positions. In order to distinguish the slits, a cross-wire has been 
stretehed only over S.. 

We only get two images of each of the slits on the photo, because 
it is only possible that images are formed by the different lenses 
within a limited cone. 

As it is our intention to determine the velocity of the beam with 
a definite .dirertion of motion, the shutter (I $ 4), which as a rule is 
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before the objective of the telescope, has been placed at O (cf. 
the above figure). This ensures that the light passes through the 
apparatus at the right moment. The experimental error of the deter- 
mination of the velocity appears to amount to at most 0.75 °/,- 

We still wish to draw attention to a peculiarity of the described 
method of the velocity determination, which seems interesting from 
a theoretical, though not from a practical, point of view. 

The measurement actually takes place with a moving measuring 
rod (length at rest = S, S,), a peculiarity which we do not remember 
having seen used in practice with any other method. 

We are indebted to Messrs. W. DE GroorT and G. C. DibBETz JR. 
for their assistance in the theoretical and experimental work, and 
to Mr. J. van DER Zwaan for his help in the diffieult adjustment of 
the apparatus and the manufacture of the auxiliary appliances. 


Chemistry. — “On some nitro-derivatives of dimethylaniline”. 
By M.J. Sur. (Communicated by Prof. van Romguren). 


(Communicated at the meeting of June 28 1919). 


In 1914 a paper was published by van Romguren and Miss WEnsink ') 
in which the action of ammonia and methylamine on 1, 2, 3, 4. 
trinitrodimethylaniline was described. The remarkable phenomenon 
was here described that, besides the nitro-group in the 3-position, 
also the dimethylamino-group was replaced by the amino- or 
the methylamino-group as the case might be. At the instigation of 
Prof. van Romsuren I have undertaken a more extensive investi- 
gation into the behaviour of amines and, in general, of compounds 
containing an amino-group, with respect to the trinitro-derivatives 
of dimetbylaniline, in particular the 1.3.4.6. isomeride. These investi- 
gations are, however, still in the initial stage, and will be described 
in due course in a thesis. 

Before undertaking the research above indicated, it appeared to 
me desirable to study somewhat more accurately the reaction in 
which the two isomeric trinitro derivatives of dimethylaniline are 
produced. In the nitration of 1.3.4 dinitromethylaniline?) the prin- 
eipal product is always the 1.3.4.6. derivative; the isomeric 1.2.3.4. 
compound is only formed in small quantities. Since, however, it is 
precisely the latter, in consideration of the position of the nitro- 
groups, which reacts the most easily, it seemed to me to be worth 
while to try to establislı the conditions in which a better yield of 
this substance could be obtained. 

In spite of numerous attempts in which the experimental conditions 
were varied between the widest limits, I was not successful in so 
modifying the conditions that the yield of 1.2.3.4 trinitro-dimethylamine 
was increased to any appreciable extent. In these experiments the 
great influence which the presence of nitrous acid exerts on the 
reaction velocity, was again most distinetly apparvent; a phenomenon 
which has already been repeatedly observed in nitration experiments, 


I) These Proceedings, XVII, 1034 (1915). 
2) Van Rousurgn, Verslagen Kon. Akad. v. Wet. 23 Febr. 189%, III, 257. 
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and which was also noticed in the nitration of 1.3.6 dinitro 
dimethylaniline. (See below). Moreover it appeared to be important 
not to allow the action of the nitrie acid to be unduly prolonged. 

lf for the nitration nitrie acid is used which is completely free 
from nitrous acid, it is necessary to use a fairly concentrated acid 
(Sp. Gr. 1.37—1.40) in order to avoid prolonging the reaction 
unduly. To prevent excessive rise of temperature a moderate excess 
of nitrie acid should be used. 

As a rule 10—12 e.c. of nitrie acid was added to 1 gram of 
the amine. If necessary the reaction may be accelerated by the 
addition of a small portion of sodium nitrite. In these conditions 
the two isomerie trinitro-derivatives are probably the only products. 

If, however, nitrie acid is used containing much nitrous acid, or 
if the reaction is allowed to proceed for a long time, or, again, if 
the temperature rises appreciably above 20° C., then the action of 
the nitrous acid becomes manifest, and nitroso-compounds are easily 
formed. The isolation of the required isomerides is thus rendered 
extremely diffieult, and, of course, the yield is reduced. In these 
conditions two light yellow substances of melting points 108° — 109° C. 
and 201° C. respectively, were isolated. Both could be erystallised 
from alcohol and are obtained in the form of fine light yellow 
needles with a greenish reflection. The first can be obtained, as 
appeared later, by the action of nitrous acid on 1.3.4 dinitrodime- 
thylaniline and is transformed on treatment with nitrie acid 
(Sp. Gr. 1.41) into the other. The latter is obtained by the action 
of nitrous acid on 1.3.4.6 trinitrodimethylaniline. 

In all probability these substances are therefore 1.3.4 dinitro- 
phenylmethylnitrosamine (M.p. 108°—109° C.) and 1.3.4.6 trinitro- 
phenylmethylnitrosamine (M.p. 201° C). 

The presence of the product of the reaction of nitrous acid on 
the 1.2.3.4 trinitro-compound, also a yellow substance with greenish 
reflection, which melts at 96°—97° C. after recrystallisation from 
alcohol, could not be detected. This is not surprising seeing that 
only a minute quantity of the 1.2.3.4 isomeride is produced in the reaction. 

Direct nitration of mnitrodimethylaniline (M.p. 60° C.) with 
nitrie acid (Sp. Gr. 1.4) did not lead to a better result. Here also 
the chief product was the 1.3.4.6 compound. 

The nitration of the 1.3.6 dinitrodimethylaniline which, like the 
corresponding 1.3.4 isomeride, is formed from dimethylaniline in 
presence of excess of sulphurie acid‘), was also investigated. 


1) Rec. VI, 253 [1887]. 
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Van Romsurgu had already found‘) that the prineipal product of 
the reaction is 1.3.4.6 trinitrodimethylaniline. 

Besides this compound there is also formed in small quantity a 
substance which crystallises from ethyl acetate in beautiful yellow 
erystals. The substance melted with slight deecomposition at 132° 
forming a pale yellow liquid. 

At first I was of opirion that I had obtained a new trinitro- 
isomeride, probably the 1.2.3.6 compound. On varying the conditions 
however, with the object of increasing the yield, when a smaller 
quantity of nitrie acid was used for the nitration, a rise in tempe- 
rature to 40° C. was observed, and a copious evolution of brown 
fumes took place. I was surprised to find that more of the 
substanee had been formed. It occurred to me {hat the compound 
might be a product of the action of nitrous acid. This assumption 
appeared to be correct. If the 1.3.6 compound is dissolved in dilute 
sulphurie acid (1:1) and sodium nitrite is added, an almost quanti- 
tative yield of the above substance is obtained. On treatment with 
nitrice acid (Sp. Gr. 1.4) the substance is transformed into the 
nitrosamine (M.p. 201°), already described. It must therefore be 
considered as the nitrosamine of the 1.3.6 compound. 

In the nitration of the 1.3.6 dinitro-derivative the effect of 
nitrous acid on the reaction velocity is extraordinarily great. By 
the addition of urea it is possible to stop the reaction altogether. 
If the temperature of the reaction is perceptibly higher than room 
temperature the only final product obtained is the substance 
melting at 201°. Both the substance melting at 132° and the 
1.3.4.6 trinitro-derivative are transformed into the above nitrosamine. 

Repeated attempts to obtain an isomeric trinitro-derivative were 
all unsuccessful, the only product obtained being the nitrosamine. 

This research is being continued, and the results will be described 
in greater detail later. 


_ Bergen op Zoom, June 1919. 


!) These Proceedings, III, 258. 
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Chemistry. — “Pressure- and temperature-coefficients, volume- and 
heat-effects in bivariant systems.” By P. H. J. Hounen, S.d. 
(Communicated by Prof. SCHREINEMAKERS.) 


(Communicated at the meeting of Sept. 27, 1919). 


In a previous communication!) we developed a general law (of 
which the so-called Bravn’s law is a particular case) giving a relation 
between the pressure- and temperature-coefficients of the solubility 
of several solid substances, with which a solvent is saturated, and 
the heat of solution and volume increase accompanying the solution 
of these substances. In the present communication we shall attempt 
to find a similar relation for arbitrary bivariant systems. 


I. Heterogeneous Equilibria. 


1. With n components we have a bivariant system in the usual 
sense of the term, when there are n coexisting phases. In this case 
there are two independent variables, e.g., pressure and temperature. 
We can, however, even when there are fewer than n phases present, 
retain only these two as independent variables, if we subject all 
variations in the system to the condition that the composition of 
the whole remains constant. Then, no matter how many phases we 
have, provided the number is not more than n, pressure and tem- 
perature alone remain the independent variables. 

There must thus be a relation among all the systems. Such 
systems differ greatly from bivariant systems in the ordinary sense 
of the term, i.e. from systems with n phases, in that in the latter 
case the composition of the phases is separately independent of the 
composition of the system as a whole. This is not the case with the 
systems which are only “bivariant with constant total composition.’ 

We shall illustrate the above by a consideration of the equilibrium 
equations. We assume that we have n components in / phases. 

Let the composition of the phases be as follows: 


teaser 
Zul Me Un, Ya» LER .o0.. 


ui „ 2, Y, 2»... 


!) See the preceding communication in these Proceedings. 
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Tbe composition of eaclı phase is given in terms of the absolnte 
quantity in mols of each component. Between these quantities the 
following relations subsist: 


va, +®%.+.:.... u—mÄ, 
Yı Ey, tr Zellen * y=T7 (1) 
. en EP 2» RE NE ae 


The number of equations in (1) is n. The quantities X, Y,S..., 
which determine the total composition, are to be considered constant. 

If we represent the S-funetions of the separate phases by Z,Z,,...Zı, 
the equilibrium conditions are: 


Ra, LER 02, OA * 
SP EN re N - Or ze 
DZ z, \ ZN, Bao 
dy, 9 ern DEREN 


The number of equations (2) is n (—1). 

With regard to the form of these equations it may be noted that 
the expressions on the left are homogeneous functions of degree O with 
respect to the variables .c,, y,,-. ... ‚and are thus only dependent on the 


ratios of these variables to each other (es. = et.) and not 
ae 

on the absolute values. Besides p and 7’ we have therefore only 

!(n—1) unknowns or variables, since in each phase there are only 

n—1 ratios wbich determine the composition. 

If !=n, we have n (n—1) equations (2) with n (n—1) unknowns 
(besides p and 7). For given values of p and 7’ the composition 
is thus completely determined by these equations and is thus in- 
dependent of the total composition A, Y,.... Equations (1) serve 
only for the caleulation of the absolute values of x,, etc. 

lf I<n, we have fewer equations (2) than unknowns which 
determine the composition of each phase. In this case for the cal- 
culation of the composition of the phases we must make use of the 
equations (1), so that the composition of each phase is dependent 
on the total composition. 

We have, however, always a sufficient number of equations for 
the caleulation of the composition of each phase for a given value 
of p and T, for we have n +n(d—N\=nl equations in n! unknown 
quantities &,,Y1»- 2» Ya... in which p and 7’ can be considered 
as the independent variables. 

35* 
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We have therefore, independently of the number of phases, provided 
I<n, a “bivariant system with constant total composition”. 


9. We shall now investigate for a bivariant system consisting of 
n components in / phases (/Zn) a relation between the pressure- 
and temperature-coefficients for the transition of the components from 
one phase to another, and the heat effects and volume changes which 
accompany this transition. 

The composition of the different phases may be represented as 
before. The Z-funetion of the system is represented by Z, the entropy 
by H, and the volume by V. For the separate phases these quan- 
tities are represented by Z, H,, V,, ete. 

We have then: 


ZZ ZIR Zr +Zı 

ae a a ERREE: +,V7 

H=H-t 8,2 + H, 
These quantities are given as functions of p and 7’ and also of 
Rs Ya - +58 Ya - «>, etc. 'in’ which 'p and 7’ are the only "inde- 


pendent variable. With regard to notation, -the following may be 
remarked. Partial differentiation with respect to one independent 
variable, the other independent variable alone being kept constant, 
(i.e., in a state of equilibrium), is indicated by a stroke above the 
differential coefficient; partial differentiation with respect to one 
variable, all other variables being considered constant, (in this case 
heterogeneous equilibrium is not necessarily present) is indicated by 
the absence of the stroke. 

We can establish the desired relations by the method described 
in a previous communication for an analogous case. We differentiate 
the equations (2) partially, first with respect to. p, and then with 
respect to 7. After multiplication by suitably chosen factors the 
equations are added together. The following, however, is a shorter 
and, in my opinion, a more elegant method. 

We begin with the simple, purely analytical equation: 
Vz zZ | 
IT por’ 
This may be written: 
oVv 0H 97 9024 
Fer y ee 2 ER A 


But 


ee + dx, IV /dy,\  9V /dy, 
oT 97 9,07 tt e)+- (4) 
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and 
= oH (dw,\ (9yı\ /9y,\ 
OP Op "dx, \ dp. dm, ic ee )+0 
Also 
u oV,  9V, oV, 
Ir ar tar tegr 
and 
SH ITOHAAH, oM, 
Op Pr op Op Ip 
As now for a given phase (X) 
eV; er, 
EEE 
since 
ov, 9°Z, OHn. 0°Z,. 
zes and — = — SEEN) 
97T  9Top Op IpoT 


we have also 
BF 0 


Te Fe 
If we add (4) and (5) and take (3) into consideration, we have 
as a result: 


97 /dx,‘ dx, nn 9H (dw,\ 
de, ee ee rear Ka )at 


zer 9, En sel Be OH /dy, 
en 22) 0y, \0p/ " 9y, \07 lt 


From equations (1) we have also 
Be 


2 


Deo 


(6) 


I 
oO 


da, dm, dm dar 
Fe TÜR ee A vera 

Similar expressions may be deduced for the quantities y,, etc 

On substituting these expressions in (6) we obtain: 


(dV 9V\de, (dA OHN\de, 
ee 


Or ee a . ai 
ner RT ne 
07 09V 


In this equation the expression — — ——, (Which is the same as 
0a, 0a, 


07..2.0V, 
dx dx, 


) represents the volume incerement associated with the 
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transition of one mol of the component (x) from an infinitely large 
quantity of the first phase into an infinitely large quantity of the second 
phase, the variables », T, and the other components remaining constant. 
This volume increase may be denoted by Vziz. The expression 


De represents the heat absorbed in the same operation divided 


C, &, 

by T. This heat effect may be denoted by Qxıs- For the correspond- 
ing differences for the other phases and components analogous 
symbols may be used. We have now: 


ne, a. 


RT u 
%Yy, . ya s 
Ya y12 O4, 
 —: ) 
os > Y 92 Zee er ga 


This is one of the relations which it was our object to establish. 
From (6) other /—1 similar relations may be derived, in which the 
pressure and temperature coefficients of the components of one of 
the /—1 other phases do not occur. We obtain other less symme- 
trical relations, when we eliminate for the one component the coef- 
ficients for one of the phases, for a second component its coefficients 
for another phase. If a component is absent in one of the phases, 
the corresponding coefficients vanish. 

Note 1. If one of the phases consists of all the components, and 
the other phases are all pure components, then we have the case 
for which in the previous communication the ‘“generalised Braun’s 
law” was established. If these conditions are introduced into equa- 
tion (6), an expression of this law results. The verification of this 
may be left to the reader. 

Note II. If there are n components in n phases, the heat effects 
and the volume increments occurring in (7) have values which are 
independent of the total composition. When the number of phases 
is less than n, that is, when the equilibrium is merely ‘bivariant 
with constant total composition” then the values are functions of the - 
total composition. Fi 

Note III. In our discussion we have nowhere made use of any 
explieit relation connecting Z with the composition. The results are 
therefore valid also in the case of reacting components. 

Note IV. The line of argument adopted leads to a similar 
formula in the case of homogeneous equilibria. This will be discussed 
in a future communication. 


Katwyk a. d. Rijn, August 1919. 


Chemistry. — “Extension of the law of Braun”. By P. H. J. Honnenx 
S.J. (Communicated by Prof. ScHrEInkMaRERS). 


(Gommunicated at the meeting of September 27, 1919). 


Through the brilliant researches which have been carried out in 
recent years in the Van ’r Horr-Laboratory, attention has again 
been directed to the so-called Braun’s law. At present this is gene- 
rally expressed by the formula 


92) „(0a IV : 
a 


() 
in which, for the equilibrium solid-liquid, (&) represents 
PIE 


0% 
the pressure coefficient of the solubility, (5) the temperature 
p 
coefficient, Q the differential heat of solution, AV the differential 
increase in volume. 
This law of Braun is a particular case of a general law which 


we shall proceed to develop. 


1. Let us suppose we have a solution säturated with respect to 
n solid substances. Let the quantity of solvent be one mol, and let 
the amount of the dissolved substances, which are present in the 
saturated solution at pressure p and temperature 7, be w,y,2,. 
mols. Then in this case the following relation holds: 


; 2 (Mkantı= 
rent = 


Here Q, represents the heat necessary for the solution of one mol 
“of the first component in an infinitely large quantity of solvent of 
the given composition at constant pressure p and temperature 7". 
It is therefore the differential molecular heat of solution of this 
component. AV, is the corresponding volume increase, i.e., the 
differential molecular volume increment. The other symbols require 
no further explanation. If we are dealing with one substance only, 


(2) becomes: 
dx 
vez=N, 
x ER un, E 
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This equation is the same as (1). It is therefore obvious that 
Braun’s law is a particular case of (2). | 


9. We shall first of all establish (2) for the simple case that the 
solution is saturated with respect to two solid substances only; and 
we assume further that these two substances together with the solvent 
are independent components in the sense of the phase rule, so that 
two degrees of freedom are at our disposal, namely, pressure and 
temperature. The Z-function of the liquid phase is represented by Z 
those of the solid phases (per mol) by 5, and S,. The equilibrium 
conditions are: 


ee ee (3) 
027 
ee ae 6 a 3 


'The left hand side of these equations are functions of z,y,p, and 
T, of which, however, only two may be varied independently. 

By differentiating these equations with respect to p with 7’constant 
there results: 


0Z02  09Z y 07 

00? Op 4 00% Op = & na »). ae. 
0Z 02 0Z Ochs 07.2 -. 

day Op A (a) ns 


The notation here requires no explanation. It may be remarked 
that the right-hand side of SGaA=— AV, and that of da)—=— AV,. 

If we differentiate the two equations with respect to 7, keeping 
p constant, we obtain: 


N : 

ET 5 Pr >) Ge 
92709 09709 OH | 

dady OT | Ay: Va (5 2 v) (4) 


The right-hand sides of these equations (35) and (45) are equal to 
Rx 


“= and = respectively. 


From en four equations the following relation is derived: 


Qx ß) dy\ 
5)** (mer + le amt. © 


Proof: From (3a) and (da) follows, on substituting ni — u: rc 
* dw? 000y i 


de 


92  sAV,—tAV, 0y _ sAV.—rAV, 
pP rt —s? Op > rt—s? 
From (38) and (45) follows: 
> 02 tR—sQy 


DT ne ee vt—s? 


Substitution of these values in the left hand side of (5) gives a 
fraction of which the numerator — 0, while the denominator 0 
if the equilibrium is stable. The equation (5) is N Er 


We may remark that the separate sums, as uxS f a ar NG 
A 
are not zero except in the special case when a ber 
Oz, 


3. We shall now attempt to establish the general equation (2). We 
assume that we have a liquid phase consisting of one mol of solvent 
and #,9,2,... mols of the dissolved substances. At pressure p and 
temperature 7’ the solution is saturated with respect to these sub- 
stance. We have thus n +1 components in as many phases and 
have therefore two degrees of freedom at our disposal. 

The equilibrium conditions are (for the notation see above): 


0Z EN 

Pi 

0Z 

ER yo ae 7 NE 
0Z 

Ben ER A 

02 > 


The expressions on the lefti-hand side of these n equations are 
again funetions of #,y,2,... p, and 7. The last two we consider 
as independent variables. If we differentiate, first with respect to p 
alone and then with respect to 7’ alone, we obtain the two sets of 
equations: 

0:7 02...09Z %y.. 0Z % 


ar °y U ee N; 
02’ dp ® Ozdy Op  Omdz Ip ; * 

0Z da 0Z0y DZ dr 

VER se el Ee 
ee >02 20p Ben. (60) 
Ban, 2m 292°) u 2, Ay; 


0202 Op  Oydz Op de! Ip 
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zZ dx e zZ 0y 02 dx Kae 
de” OT  OzdydT duded7? TE 
0°Z dx 0?Z dy 0°Z dz nr 
Day Oz: d7u da de ee 
0°Z de 0Z0y  0°Z0z .’ I) 
da02 07 ' OydzdT gear 2077 


We have again written AV, for Data v,, etc., and = for 
PH 


oH 
BE Nr, elt, 
0: 
If we multiply the first of the equations (6a) by 7 the second 
0 (0 ö 
by — = etc., the first of equations (65) by u the second by “ 


etc. and add together the 2n equations, we obtain an equation 
the ur hand 2 of which Bi 


% Q 
: Fr ann a Ixt4y GXAN, + ka 


The left hand side of the ahnt sach is zero. This may be 
shown as follows. Each term of the left hand side contains one of 


0x 0 
the “unknowns” Eee — etc. from the equations (6a). Let us consider 
p 0p 


dx 
the terms which contain one of these unknowns, e.g., FR In the sum- 
pP 


mation these terms are contributed (1) by the first terms of the 
equations (6a) and by no other terms of these equations, (2) by the 
complete left hand side of the first equation (65), which. was multi- 


() 
plied throughout by = and by no other equation of (65). 
1% 


0x 
The terms involving Fr are therefore: 
B 
02 0'Z 0y 92 02 0°Z n 
rd order mn 
020% 9°Z0y 0°Z de 


02° O7’ dady oT’ Oxdz OT’ from (65), 


all terms being multiplied by = 
i% 


From the structure of equations (6a) and (65) it appears that the 
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er SE 
sum of the factors by which 5, is multiplied is zero, and that the 
P 


same holds for each-of the “unknowns”. The left hand side of the 
resultant equation is therefore shown to. be zero. We have then as 
a EN 


Q 


= x en Vz = 


= 2 ii, 
that is, equation n results. This is the equation which we set out 


to establish as an extension of Braun’s law. 


‚Note I. It is not necessary that the solvent should be a pure 
substance. It may be a mixture of different substances of which, 
however, none occurs in the solid state. With this assumption 
the above method of proof remains exactly the same, and the validity 
of the result is unaffected. The quantities Q, etc., have, of course 
in general different values when the ‘“solvent” is differently 
constituted. 

Note II. In the above treatment we have nowhere made use ot 
any explieit relation connecting Z and the composition. It follows 
from this that the results are valid both for constant and for reacting 
components. The only assumption made was that the components 
were independent in the sense of the phase theory. 

Note Ill. For the general case we can give a demonstration on 
the lines of that given for the simple case of three components. It 
would then be seen that we must deal with a state of stable equi- 
librium. Since the proof is more involved than that given above we 
do not reproduce it here. In a later communication dealing with a 
more general problem another proof will be found. 


Katwijk a. d. Run, August 1919. 


Physics. — “On the rings of connecting-electrons in Brace’s model 
of the diamonderystal’” By D. Coster. (Communicated by 
Prof. H. A. LorENT7). 


(Communicated at the meeting of October 25, 1919). 


The beautiful investigations of the two Barasss") have given us 
a clear insight in the structure of the diamonderystal. As is known 
according to these investigators the structure of this erystal may be 
represented by the following scheme: a set of cubes, where the C- 
atoms are situated in the corners and in the centres of the side- 
planes; in which another set of identical cubes, which may be 
obtained from the first by translating it parallel to itself in the 
direction of one of the cube-diagonals .over a quarter of this diagonal 
(see fig. 1, where only those atoms are represented, which are 
situated within a fundamental cube). If we assume, that the valency 
of the atoms also have a principal meaning in the crystal, this system 
is of a perfect symmetry. Every C-atom namely has in its neigh- 
bourhood four other atoms at the same distance and symmetrically 
situated. (The lines which join each atom with its 4 neighbour- 
atoms form the diagonals of a cube). In this way the four valencies 
of the C-atoms are satisfied. Now we may assume, that the “bonds” 
between the atoms are formed by rings of electrons as it is the 
case in Bonr’s model of the hydrogen-molecule. DrBYE and SCHERRER ?) 
for instance suggest a model, where each carbon-atom should part 
with four eleetrons, one for each valencey, for which consequently 
two electrons should be available. These should revolve about the 
connecting-axis of two nuclei in a plane perpendicular to this axis 
and half-way the distance between the nuclei. So the nucleus itself 
should still retain two electrons and behave at a distance as a four- 
fold charge. If once we have admitted, that the “bonds” are formed 
by rings of electrons, from the point of view of symmetry there is 
much to be said in favour of this model?). 

DeEBIJE and SCHERRER however arrive at the conelusion, that such 
a model is inconsistent with the experimental data of the two 


\) Proc. Roy. Soc. Londen (1914) A 89, p. 277. 

See also: Brass. X-rays and cerystalstructure. 

2) Phys. Z. S. (1918) XIX, p. 476. 

3) Of course many difficullies yet remain, e.g.: how is the direction of rotation 
in the orbits. We can also say but little about form and magnitude of the orbit. 
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Bracss (and also with the data, they have obtained with their own 
method of erystal-photography). In my opinion however they neglect 
an important element in their reasoning and in this state of things 
nothing can be said about the existence or non-existence of such 
rings of electrons on account of data about scattering of. Röntgen- 
rays. This I hope _to prove in the following. To this purpose I intend 
to follow the clear method in which Brasg has treated the subject. 
We consider the octahedronplanes (the planes (111) in the usual 
notation), which contain the C-atoms, e.g. the plane A, B, 6, F,G,H 
(see fig. 1), a second plane contains D, a third Z. All these planes 
contain an equal number of 
atoms, their mutual distance 
is alternately 4 d and 3 d, 
as represented by fig. 2. 
If we only regard the reflec- 
tion by the planes a, accord- 
ing to the ordinary suppo- 
sitions we shall have ‘a’ 
maximum intensity in the 
reflected beam for 


2dsnp=naA, 


here n has the values 1, 2, 
3 etc. Regarding also the 
planes «’ we see that the speetrum of the 24 order (n — 2) disappears, 
because the planes a’ give halfa wave- 
length phase-difference with the planes 
a. For the same reason the spectrum 
of the 6'k order would disappear. 
The Brasss have observed with the 
use of Rh.-K-rays spectra as far as and 
ineluding that of the 5tb order; of the 
spectrum of the 2”d order nothing could 
be detected. This very result has given 
them one of their strongest arguments 
in favour of the erystalmodel they 


Fig. 1. 


suggested. With the model of Das b---- - = 772-2 == z 
and SCHERRER it is another case. In SIE Sa 
the usual way they assume, that the 5 
scatlering is only caused by the eleetrons Ve en R 


and may be caleulated in the elassical 


& : Fig. 2 and 3. 
manner. In their caleulations they 
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suppose, that the connecting-eleetrons may be placed in their common 
centre of gravity. The octahedron-planes are situated as represented 
by fig. 3. In d and b’ we now have the connecting-eleetrons, in d 
three times as many as in 5’. In this case the nucleus-electrons 
give also no contribution to the spectrum of 2nd order, the connecting- 
eleetrons however should give an intensive spectrum; whereas, as 
has been said before, the experiment does not give the slightest in- 
dieation of it, therefore Drsısr and SCHERRER reject this erystalmodel. 
Regarding however a definite octahedron-plane (for instance that 
-with positive indices 111), we see, that only #4 of the orbits of the 
connecting-electrons coineide with those planes (i.e. those belonging 
to 5 fig. 3). The other orbits form angles of about 70° with these 
planes. From the following caleulation it may be concluded that it 
is not admissible to assume, as in fact is done by DesiJsE and 
SCHERRER, that the electrons of these orbits always remain in the 
same octahedron-plane. For the sake of simplieity we assume the 
connecting-electrons moving uniformly in a circular orbit. Suppose 
bb (fig. 4) to be the considered octahedron-plane, cc the plane of 
a) the orbit, both perpendicular to 

the plane of the paper. The 

> | different phases of the beams 

b b refleeted in the ordinary way 
] by the electrons of the plane 

bb are only determined by the 

c distance Ah of the electron to bb. 

Fig. 4. To caleulate the total reflected 

beam we are to multiply the separate beam from each electron by 


4nsinp 


irh S 
2 Fe (p is the complement of 


‚ where <= 


the phasefactor e 


the angle of incidence). If we assume the electrons distributed at 
random in their orbits, then the probability that an electron is at 
a distance Ah dh, is 


dh 
Se se ee 


Therefore the total amplitude of the reflected beam is to be 
multiplied by 


I 

I ne nn — xcosw (|, ==> 

av” a ee 
— —IM 


here J, is the BesseLıan funetion of order zero. 
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BE insi 
Taking into consideration, that x — en we find, if Brace’s 
relation 
2dsıiny=nl 
is satisfied, 
2ın 3 
% = Ä . N s = Ö . . 3 
; &) 


As is known the function J, is real for real values of the argument 
and oscillates between decreasing positive and negative limits and so 
behaves like a ‘“damped” sinefunetion. Here this means, that the 
phase-difference between the resultant beam and a beam reflected by 
the plane 5b is zero or 180°. The absolute value of (2) is always 
less than 1 except for the argument 0; the motion of the elecirons 
therefore implies a decreasing of the intensity of the reflected Rönt- 
genbeam. The experiment' requires, that the speetrum of the second 
order by reflection from db and 5’ disappears. This happens strietly if 


Fe reneoe Fe Ar) 


since the plane d contains thrice as many electrons as b'. 

The smallest value of /, which satisfies (4) and (3) for n=2 is 
0,258 d. If we assume according to Brass d = 0,203.10-8 c.m., 
then /= 0,524.10-8 c.m., which should give for the radius of the 
orbit of the electron r = 0,56.10 8 ce.m., which value cannot be 
excluded for being impossible '). Here it is of importance that the 
relation (4) holds independently of the wave-length of the Röntgenrays. 
Now I do not intend to attach high value to this caleulation of the 
radius of ihe orbit. FirstIy because my supposition (uniform circular 
motion of the electrons) is too schematie, secondly it is not probable, 
that Depye and ScHErRER should have been able to ascertain an 
intensity which should remain for instance below a 100: of that 
of the spectrum of the first order. This gives in the above case for 
r all values between about 0,52 and 0,62.10-3 and also between 
0,70 and 0,81.10-8 c.m. Greater values ‘of r are a priori improbable. 

Now the question arises if the existence or non-existence of the 
rings of connecting-electrons yet may be proved in the manner 
suggested by Desyz and SCHERRER. The spectra of higher order obtained 
by reflection from the octahedron-plane are not adapted for the 
purpose. Thus the spectrum of the 6! order should give a difference 
between the model with the connecting-electrons and that without. 


1) If we only take account of the change of the two nuclei concerned (as a 
fourfold charge) and neglect all tlıe disturbances, then according to Bour an orbit 
of one quantum and {wo electrons has a radius of about 0,75 10-8 c.m. 
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First however the intensity decreases in general with the order of 
the speetrum '); secondly the intensity which we should expect 
according to (2) is very small, because J, (lx) is again negative for 
n—6 for the considered value of r (about 0,55.10=® e.m.). 

Now it is interesting to consider the reflection by the other erystal- 
planes. Here we shall follow the method also used by Ders and 
SCHERRER. When we have a regular erystal, then the intensity of a 
beam retlected according to the relation of Brase is proportional to 
the square of the so-called structure-factor*) 5, which is given by 

ES an SEN 

Here A, is proportional to the amplitude of the beam radiated 
by the n! centre of the fundamental cube, pr Qn r„ are the ordinates 
of this centre in the cube, whose edge is 1; h, h, I, are the indices 
of the considered cerystalplane. These may have a common divisor. 
If they are for instance 024, then the spectrum of the 2rd order of 
the plane 012 in the ordinary notation is meant. 

For Brase’s erystalmodel this factor is: 

Bl „3 Atrtte) | era Fake € ; 

Desyr and SCHERRER assume that the connecting-ring scatters in 
the same way as the nucleus-electrons. Also for their model we 
may put all A,s=1. 

Therefore they obtain: 


iZ Indhatha) mn = Gl. ZIUn N 


+ 


Berllıy: 


Ey ee ea 3 NE 


irn (hh+h in (he+h Ir 
ee am! EAN: Ar 


Taking into consideration the position of the orbits of the ring- 
electrons in the above-given way, we get for the structure factor: 


es 5 rt the) Sn 2 tr) 


J, (l, *) = | 
1, te) | 


+ Jar) HI Te )] > 


| 14 Rh dien A en nn 
Here ! and x» have the same signification as in (2) and (3); the 
indices at the different magnitudes / refer to the four different angles 
') See e.g. Bracc. Proc. Roy. Soc. A. 89, p. 279, fig. 2. 
%) See D. and Sch. Phys. Z. S. (1916), p. 279. 
For the meaning of this factor see: Marx. Handb. d. Rad. Bd. V. p. 581. 


/ 
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which the orbits of the electrons can make with the erystallografie 
plane under discussion. 
S° 
The annexed table gives > calculated !) for the three cases; in the 


last case once for a value r = 0,56.10-8 and once for r = 0,81.10 -8e.m. 
Here the ratio between tle.numbers standing in the same column 
is only of importance. We have to remark that the spectra (002) 
and (024) disappear independently of the assumed value of r. Only 
to make also the spectrum (222) disappear we are bound to certain 
limits in the choice of r. 


Indices. Br. D. and Sch. r = 0.56.10 ° \r=0.81.10° 
am) 18 11.6 2.9 5.8 
(002) ) 0 0 0 
(022) 36 4 0.61 1.8 
(113) 18 0.34 1.64 3.55 
(222) 0 16 0 0.038 
(004) 36 4 11.1 9.0 
(133) 18 2 Zul 2.42 
(024) 0 ) 0 ) 


In caleulating this table no account has been taken of the different 
factors’) that strongly affeet the intensity of the expected spectra 
(mostly those of higher order). Because as yet all is quite uncertain 
and the foregoing speculations are very schematic, I thought it 
unnecessary to involve them in the calculations. The table however 
shows that especially the numbers of the fourth column do not more 
contradict tlıe experimental data than those of the first’). From 
which we may conclude that for the present it will not be possible 
to draw a conelusion from the experimental data concerning the 
existence or non-existence of the connecting-rings. Perhaps here the 
study of the erystals of homologous elements (Si,@e)‘) may bring 
a decision. 

) The first two columns are taken from D. and ScH. 
3) e.g. LoRENTZ- and DEBIJE-factor, see MARx Handbuch V, p. 581 af. 


3) See BraGa l.c. and DEBISE and SCHERRER |.c. 
4) Si seems to behave completely as diamond, cf. Desise and Sch. Phys. Z. S. 


(1916) p. 282. 
With Ge the number of connecting-electrons is already small compared with 


that of the nucleus-electrons. 
36 
Proceedings Royal Acad. Amsterdam. Vol. XXIl. 


Chemistry. — “In-, mono- and divariant equilibria”. XX. By 
Prof. SCHREINEMAKERS. 


(Communicated at the meeting of November 29, 1919). 


Equilibria of n components in n phases, in which the quantity of 
one of the components approaches to zero; the influence of a 
new substance on an invariant (P or T) equilibrium. 


In the communications XVI, XVII and XVIIl we have seen 
that a region is two-leafed in the vieinity of a turning-line and 
one-leafed in the vieinity of a limit-line [e.g. curve ab or cd in 
fig. 1 (XVI)]. We shall eonsider the latter case more in detail. 

We take the equilibrium Z= FF, + F,...—+ Fl of n components 
in n phases under constant pressure. This equilibrium is (Comm. 
XVII) monovariant (P); viz. it has one freedom under constant pressure. 

The equations (2) and (3) (XVID are true for this equilibrium ; 
on change of one of the variables e.g. of , this equilibrium traces 
in the P,T-diagram a straight line parallel to the T-axis. 

In the vieinity of a limit-line of a region e.g. in the vieinity of 
curve ab or cd in fig. 1 (XVI), the quantity of one of the com- 
ponents approaches to zero. When this is the case with the 
component A, viz. with that component, the quantities of which 
are indicated in the different phases by @,@,...2,, then in (2) and 
(3) (XVID: 

0Z, 0Z, OZn 

RE 
become infinitely large, viz in Z, the term w, log, is found, in Z, 
the term x, log, etc. 

Now we write: 


ZZ RT 8916897, 2, = ZZ. + RTe,lor, u 208 
Herein Z,’Z,’... and their differential quotients remain always 
finite also for ©, —=0, «, =. . It follows from (1): 
07, 
er +aay| 
02, 02 g 
je oe ıl+ log z, ) 


etc. The n equations (2) XVIn now pass into: 


02, 
ZZ, — RTa, -. 2 da u > — 
dw, oY, ) 
ZY— RTa,—a, Er Y, ER ik 
0) oy, 
etc. The first series of the equations (3) (XVII) passes into: 
0Z,' 0Z,' ö , 
> + RTlogj'e, = = + RTlge, = BR — Ku Raid) 
The following series of the equations (3) (XVII) become: 
0Z,' DM 0Z,' 024 K 
7 02% er pe (5) 
etc. It follows from (4): 
er Zr 02, 
= =, 00, de, } 
| I ER RER EB) 
DR ©, 92, 02, 
r wide, 0m, 
or 
Ä 2, —u,0 RT ET u} 
in which u,u,... are defined by (6). 

For values infinitely small of &,2,... the ratios between. 
&% dy..- 2m are consequently defined by (7). 

Now we give the increments: dT’.x,2,... dyı... dy, etc., to 
fie warıablese I’2,2....7,9%,... etc, in which ‘we put we —='0 
ele,! 

Now it follows from (3): 

02, 
HALT RTe +4 — ter. en — —dK 
%Yı 
te 
02% 
Dal le, 3.9, d= RER — — dK 
Ya 


etc. in which the sign d indicates that we have to differentiate 


according to all variables. 

Now we add the n equations (8) after having multiplied the 
first by A, the second by A, etc. Then we obtain, when we 
use the relations which follow from (5): 


Z(@H) dr + ar say +z0galg)+ == dK (9) 


1 
Now we define A,A,... in such a way that they satisfy the 


n—1 equations (10) 
36* 


Er +,=0 


lay)e),Yı A Ye 4.4, Yı 0 ts 
>42) = 42, I Ara IR 
etc. By this the n—1 ratios between the coeflicients, 7, .... are defined. 
As 
Eid) 04 yacıı ce +Aam | gay 
SON) AHSMDE u REN 
the ratio Z(Ax): 2(2H) is also defined. Now it follows from (9)'): 
RTZE(a) 
Typ = 12) 
se > (0.4) 
The value of d7 in (12) depends on 3(?x), consequently on the 
n increments &,%,...dm We may express them, however, in one 
of those inereinents e.g. in »,. With the aid of (7) we obtain then: 
RT x, Z (iu) 
dTypr = = u I 2 
(AT)p Sam) (13) 
wherein: 
Zr W)=hm tum rt... Aa ne ee 


When we take the equilibrium E=F,+F,+...+fM ofn 
components in n phases at constant temperature, then it is mono- 
variant (7). In the same way as above we find now: 
RI Zr)" Rex 2000 


daP)P= = 15 
sen: za») 2 
Herein A, ?,... have again the values, which are defined by (10) 
Z(Ax) has also the same value of (11) viz.: 
Z0ß)=I, a, th, + done. + An &n 
while reis, 
>> (2V) — 2, v, + ha V, + PER + Is Vn 


Z(2u) has again the same value as in (14). 


In the previous considerations it is assumed that the quantity 
of the component X in. the equilibrium Z= FF, + FM, +... + RP 
of n components in n phases is very small. When, however, this 
quantity becomes zero, then EZ passes into an equilibrium of n—1 
components in n phases. This is monovariant and is represented in 
the P,T-diagram by a curve. Under constant pressure it is inva- 
riant (P), at constant temperature invariant (7). In this invariant 


(P or T) equilibrium between the phases F\... FR may occur a 


') For another deduction see F. A. H. Schreinemaxers, Die heterogenen Gleich- 
gewichte von H. W. Baxnvıs Roozegoom. Ill. 289. 
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reaction; (he quantities A,...2n of the phases partieipating in this 
reaction are defined by (10). The change in entropy oceurring with 
this reaction (77) is.defined by (11), the change in volume Z(4 Y) 
is defined by (16). 

Some of the coefficients A,...A,n are positive, other ones are 
negative. As long as we do not assume for this a definite rule, we 
may arbitrarily interchange positive and negative. We assume the 
following: The coeffieients of the phases, which oceur with a reaction, 
are taken positive; the coefficients of the phases which disappear 
with the reaction, are taken negative. 

Now (A) is the algebraical sum of the quantities of the phases 
which partieipate in the reaction, of course this is zero. 

Z(?y) is the algebraical sum of the quantity of the component F 
which participates in the reaction; this is also zero. The same is 
true for the other components. 

As the component X does not occur in the invariant (P or 7) 
equilibrium, (4x) has, therefore, another meaning. When we add, 
"however, a little of the component X to this equilibrium, then it is 
divided between the n phases; this division is defined by (7), so 
that x, ...%n and consequently also 2 (Az) are defined. 

Now we imagine a reaction in the invariant (Por 7’) equilibrium; 
2)... An represent, therefore, the quantities of the phases partieipating 
in the reaction. When those phases would contain the quantities 
%..-.n Of the new component, then &(Axr) would be the algebraical 
sum of the quantity of the component X, which partieipates in this 
reaction. For this reason we shall call Z(Ax) “the fietitious quantity 
of reaction of the component X”. 


Now we take a point on the limit-curve of a region, e.g. point 
h on the limit-curve «5 in fig. 1. (XV). This limit-eurve represents 
an equilibrium of n—1 components (viz. the components Y,Z, U. .) 
in n phases, eonsequently a monovariant equilibrium. In the point 
h itself PT y,y, ..212,.. etc. have definite values; the same is true 
for the ratios of /,...%n which are defined by (10) Now we adda 
little of the component X, this is divided over the n phases; this 
division is defined by (7). For a delinite value of e.g. x, the ratios 
Z(r): 22H) and Z(Ax): Z(AV) are also defined. In accordance with 
(12) and (15) we know consequently also (dT’)p and (dP) r. 

When (dT)p is positive, then the region # is situated atthe right 
of the point A; we enter then the region, just as in fig. 1.(X VI) starting 
from A in the direction Al. 

When (dP)r is negative, then the nn E is situated below 
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point A; then we enter the region, just as in fig. 1 (X V]) starting from 
h in the direction hm. 
Consequently the region E is situated at the right and below the 


point A. 
The direction of curve ab itself is defined in every point by: 
dP_ECH) ie 
Ta say) 


It follows from our assumption over the sign of (dT’)p and (dP)r 
that we have assumed Z(?2): Z(4ÄA) to be negative and Z(}e): 
Z(2V) also to be negative. Then it follows from (17) that curve 
ab must be: a curve, rising with the temperature, in the vieinity of 
point A, as is also drawn in fig. 1 (XV]). 

In fig. 3 (XVI) abchd represents a limit-curve which has a maxi- 
mum of pressure in b and a maximum of temperature in c. It 
follows with the aid of (17) from the direction of branch ad that 
Z(H) and Z(AV) have the same sign; we now choose the signs 
of 2,...An in such a way that both are positive. Then it follows 
from the direction of the branches bc and cd with the aid of (17), 
which signs Z(27) and Z(AV ) must have on those branches. Then 
we have: 


on branch ad Z(AH)>0 Z(AV)>0 
in d See zZ(A V)>0 
on branch dc Z(A HA)<O z( V)>0 
in € ziu.H)< 0 au VER 
on branch cd ZAHA)<O ZAV)<O 


In each point of curve abehd Z(?x) has a definite sign; we are 
able to find this with the aid of (7) and (10). 

When we assume that Z(Ax) is negative in each point of the 
eurve, then it follows from (12) and (15) that the region EZ must be 
situated entirely within the limit-curve abed and consequently not, 
as in fig. 3 (XVI), where the part afe is situated ontside. 

When in each point of the curve adbed Z(2x)>0, then it follows 
from (12) and (15) that the region must be situated at the left of 
and above branch ad, at the right of and above branch dc, at the 
right of and below branch cd. Then we bave fig.5 (XV). [As itis 
apparent from the position of the letters, the printer has turned 
this figure; for this reason the reader has to place it in such a way 
that the tangent is horizontal in d and vertical again in €]: 

We may assume also that 2 (2x) is positive in the one part of 
the curve, negative in another part. We assume that Z(Ar) is 
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positive in part ad f of curve abed fig. 3 (XVI) and negative 
in the part fed. Then it follows from (12) and (15) that the region 
must be situated as is drawn in fig. 3 (XV]) viz. that a part afe 
of this region must be situated outside the limit-line and that this 
region must have a turning line ef. 

It appears from the following that this point / must be a point 
of the turning-line. In this point 22) —0. As in this point also 
the equations (10) are valid, a phase reaction 2, F\ +... + 1 Fn—0 . 
may occur between the n phases of the equilibrium Z= F\ +... + F,, 
in which an infinitely small quantity of the component X oceurs 
now also. 

Conseguently when in a definite point / of eurve abed ZA) 0, 
then / is a common point of turning- and limit-line; later we 
shall see that / is a point of contact. When X (2x) changes in 
sign in /, tben / is a terminating point of the turning-line as in 
fig.3 (XVD; when however Z(32) does not change its sign in f, 
then / is not a terminating point, but the curve proceeds further. 


From (12), (15) and (17) follows the relation: 


apyr tan» - — (77) ee 


aT 
Were dP 

The index 2=0 in the second part of (18) indicates that IT 
is true for the limit-curve, in which the component A is missing. 

In order to comprehend the meaning of (18), we imagine the 
P,T.curve of the limit-equilibrium, to be drawn in which the com- 
ponent X does not occur, therefore. For this we take the curves 
ab and cd in the figures 1, 2 and 4 (XVI) and curve abed in 
the figures3and 5 (XVI). [We have to place again the latter figure 
in the right position]. 

We shall call the branches on which the pressure increases with 
inerease of 7 the “ascending” branches, e.g. the branches «5b and 
cd in the figures 1, 2, 3, 4 and 5 (XV. A branch like e.g. be in 
fig. 3 and 5 (XVI), on which the pressure decreases at increase 


of T, is called a ‘“descending” branch. 


On an ascending branch () is positive, then it follows from (18) 

G a0 
that (dP)r and (dT)p have opposite signs. When (4T7’)p is positive 
“ and consequently (dP)r negative, then the region is situated at Ihe 
right and below the branch; this is the case with respect to branch 
ab in the figs. 1, 2 and 4 (XVI) and with respect to branch cdin the 
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figs. 2, 4 and 5 (XV). When (dT’)p is negative and (dP)r eonsequently 
positive, then the region is situated at tbe left and above the 
branch; this is the case with respect to branch ab in figs. 3 and 
5 (XVT), and with respect to branch cd in the figs. 1 and3 (XV). 

Consequently we find: A region is situated always at the right 
and below or at the left and above the ascending branch of its 


limit-curve. 
au dP 

On the descending branch of a limit-curve (FT): negative. It 
follows from (18) that then (dP)r and (dT)p have the same sign. 
When both are positive, then the region is situated, therefore, at 
the right and above the branch. When both are negative, then it is 
situated at the left and below the branch. In fig. 5 (X VI) the region 
is situated at the right and above branch dc; in fig. 3 (XVI) the 
region is situated at the right and above the part 5b f, and at the 
left and below the part /c of branch de. 

Consequently we find: 

a region is situated at the right and below, or at the left and 
above the ascending branch of its limit-curve; it is situated at the 
right and above, or at the left and below the descending branch of 
its Jimit-curve. 

In Communication XI on: Egqnilibria in ternary systems, we 
have already deduced this same property for a special case viz. for 
the ternary region #+L-+G, in which F represents a binary 
.compound, with respect to its binary limit-curve F+Z74G@. 

Now it appears that this is true in general for each arbitrary 
region with respect to all its limit-curves. 


We may express the results obtained above also in another 
way. The equilibium Z=F, +... + Fnofn—1 components in 
n phases is monovariant or invariant (P or T). When we add a 
little ofa new substance X, then a new equilibrium Z=F' +... + Fn 
may arise. Herein the invariable phases have the same composition 
as in E; the variable phases (which of course not all need to 
contain the new substance X) differ still only very little from 
those in E. 

We now may put the question: 

how must the temperature change under constant P or: how 
must the pressure change at constant 7’ in order that in both cases ‘ 
the equilibrium Z passes into Z’. 

It is clear that both questions are only another form of the 
questions, treated above: how must the temperature be changed 
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under constant ? and the pressure at constant 7 in order to 
pass from a limit-curve into the corresponding region. 

We take the equilibrium Z=ZL+F, + F,-+... of n—1 com- 
ponents in n phases (or of n components in n + 1 phases). Herein 
F,F,... represent solid substances of invariable composition and 
ZL a liquid. On addition of a new substance X this oceurs then 
only in the liquid. 

When in this equilibrium Z at eonstant 7 and under constant P 
there occurs the reaction: 

EN ee ee A re) 
then Z(Ax@)=2, x, when viz. x represents the concentration of the 
new substance in the liquid. 

When we put A, =1, then Z(AH) and Z(AV‘) are the increases 
of entropy and volume, when one quantity of liquid is formed at 
the phase-reaction. We represent them by AY and AV. 

(12) and (15) pass now into: 

RT 2 Rd 

Ne RR Av 

When we represent by AW the quantity of heat which is to be 
added in order to form with the reaction one quantity of liquid, 
then (20) passes into: 


and (AP)T = 


(20) 


3 
u and (APr=I, a Dre 
Reaction (19) may represent the common melting of the solid 
substances F, FF, ...; this is the case when the reaction is of the form: 
„127 0. 227 4 225 Seen, Dre a LE) 
and when A, A, are positive. 
When the reaction is of the form: 


(dT)p = — 


I ee JE SR ABA SEE . (83) 
. in which we take also positive all coefficients, then it represents the 
conversion of the liquids A, F,... into /,... when simultaneously 


liquid is formed. 

Now we assume that heat is to be added at the formation of 
liquid from solid substances, consequently at melting in accordance 
wit (22) and at conversion in accordance with (23); then AW is 
positive; the change in volume at melting or conversion may be as 
well positive as negative. Now it follows from (21): 

The common melting- or conversion temperature Of one or more 
substances is lowered by addition of a new substance; 

the common melting- or conversion-pressure of one or more sub- 
stances IS; 
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raised by a new substance, when the volume increases on 
melting or conversion; 

lowered, when the volume decreases on melting or conversion. 

This increase and decrease are at first approximation proportional 
to the quantity of the new substance. 

When we apply those rules to the melting of a simple substance, 
then follows the known rule of the decrease of melting or freezing 
point; the first formula (21) is then the known formula of RaouLr- 
van 'THorr. 


We may apply the previous deductions also when we substitute 
in (19) the liquid Z by a gas @. In general AV is then positive 
and approximately equal to the volume V of the gas; by this we 
may give another form to the second formula (21) viz. 


(PIPPI IN ISA TERIE RN E 


We may deduce the previous rules also in the following way. 
We take the egnilibrium Z= L+-F,+F,—+ ..., in which the new 
substancee X is not yet present under constant pressure; then it is 
invariant (P) and it consists at a definite temperature, which we shall 
call 7). Wben we assume that reaction (22) takes place from left 
to right at addition of heat, then it follows: 


RER ZITHEn 


(D) Kae 
towards lower 7’ | towards higher 7". 


Consequently the equilibrium (= M,+F, +... consists at 
temperatures lower than 7). When we add the new substance X, 
then # passes into "=L’+ FR, +F,-+..., in which Z, differs 
from Z; this equilibrium Z#’ exists at a temperature 7” which differs 
from 7. 

When we take away the liquid Z’ from E’, then it passes into 
F,+F,-+ ..., consequently in the equilibrium (Z) discussed above; 
as this exists at lower temperatures than 7, it follows T'<T.. 
On addition of the new substance the common melting-point must 
fall, therefore. 

From reaction (23) we find the same for the common point of 
conversion. When we take at constant temperature the equilibrium 
E=L+#%+f#+..., in which the new substance is not yet 
present, it is invariant (7), then it exists under a definite 
pressure P.,. 
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When reaction (22) takes place with increase of volume from 
left to right, then follows: 


1 DR A ZN) 
(2) Be 
towards higher ? | towards lower P 
The equilibrium (J=F,+ F,-+.... exists, therefore, under 


pressures, larger than ?,. Hence is follows that the equilibrium Z’ 
oceurs also under a pressure higher than ?,. Consequenily when 
at common melting increase of volume takes place, then the melting 
pressure rises. 

From reaction (23) the same follows for the common point of 
conversion. 

When we assume that AV <0, then it follows that on addition 
of the new substance the pressure of melting or conversion falls. 


Now we take the equilibrium: 
Berta, 2 
of n—1 (or n) components in n (or n+-1) phases. Again /,/, 
represent liquids, 7‘, solid phases of constant composition. Formerly ') 
we have called the temperature at wbich this equilibrium oceurs 
under constant pressure the “Schichtungstemperatur”’; we may call 
it also the stratification-temperature. We write the reaction occurring 
in this equilibrium: 
u Dr 20 BR: PR RER u 1 00 u 17 De 0 ER W125) 
We may distinguish at ihis reaction the 2 main types: 
nuETu,FTtT-.... 2,2 +4,24... +WwFg+t.... (26) 
an van tu, DH. Do hlo tt... 0 Fas-r. (22) 
in which we take all coefficients positive. In (26) the solid substances 
may be wanting on the right side, in (27) on the right or on the left 
side. Experimental examples of both types are known). In order to 
express the difference between the two reactions we shall say: in 
(26) all liquids are situated in reaction-conjunction, in (27) two or 
more are situated in reaction-opposition °). 


ı) F. A. H. SCHREIMAKERS, die heterogenen Gleichgewichte von H. W. BAKHUIS 
RoozeBoom IIl2 108. 

3) #. A. H. ScHREINEMAKERS ibid. III® 106 —113, 193— 203. 

3) In order to prevent confusion, see the following. In the books IIM and III? 
mentioned above phases are many times spoken of which are situated in the diagram 
in conjunction or opposition. When we call this situation diagram conjunction and 
diagram-opposition, then it appears that reaction-conjunction corresponds with dia- 
gram-opposition and reaction-opposition with diagram-conjunction. 
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When we add a new substance, then this divides itself between 
the liquids; its concentrations #,@,... are defined by (7). [It is 
apparent that the w’s in (7) have quite another meaning as in (25), 
(26) and (27)]. 

For reaction (26) 2(22) = 2, +2,%, +... , in which oceur only 
the 2’s, not the w’s. As the 4’s are all positive, Z(A) is also positive. 
With this we assume that heat must be added, in order that reaction 
(26) takes place from left to right, so that also Z(A A) is positive. 
The sign of 2(27), however, is indefinite. [It is apparent that in 
z(A H) and Z(AV) the w’s of (26) occur also]. 

Now it follows from (12) and (15) 

(dTip 0 and (aPyr 20 Free 

Hence it follows: when we have an invariant (Por 7’) equilibrium 
with 2 or more liquids, which are situated all in reaction-conjunetion 
and when we add a new substance, then: 

under constant P the strafifieation temperature is lowered; 

at constant 7 the stratification-pressure is raised when the volume 
increases at the formation of the liquids; 

lowered when the volume decreases at the formation of liquids. 

For reaction (27) is : 

SIE en A — 0, m, —... 
so that Z(4A2) may be as well positive as negative. This depends 
on the partition of the new substance X between the different liquids. 

In order to illustrate this further we consider a definite case, 
viz. the equilibrium 

Ba=b LH ZzasUr, N. ..%...069 
between the n components YZ... N. Consequently in this eqnili- 
brium all components, excepted Y, occur as solid phases. As there 
‚are, therefore, n—1 solid and 2 liquid phases, it is invariant (P or 
T\. Now we represent the reaction by: 

4L) FDA Zen De F Ant N = 007280) 
so that ZAe)=ı,x,+2,x,. For the definition of the relation 
between A, and A, we take from (10) the equation Z( EN 
As the substance Y oceurs only in the two liquids, it follows: 


PS we ee: 

Hence it appears that A, and 2, have opposite signs, so that 
reaction (30) belongs to type (27\. We write it in the form: 

1,2 #2, ZA U ZT 

We have put, therefore 2,—1, consequently A, is positive; of 

course one or more of the coeflicients A,.... may be negative, 


553 


Further we assume that Z, is the liquid, which is formed on addition 

of heat. [When this should be the case with Z,, then we should 

have placed /, in the left part of (32)]. Now we have: 
Zay=y—ıy and Zß)=n,— A, x. 

Hence it follows: 


20=,(2-#). ae riss) 


(34) 


and 


(dP)\r= Av er A 3 


Herein AW is tbe heat, wanted for forming one quantity of the 
liquid Z,; AV is the increase of volume occurring at this formation, 
which can be as well positive as negative. 

Now we shall mean by partition-coefficient of a substance: the 
concentration of that substance in the liquid, which is formed on 
addition of heat, divided by the concentration of that substance in 
. the other liquid. x,: x, is consequently the partition-coefficient of the 
new substance, y,:/, that of the component, which does not oceur 
as solid phase. 

Consequently we find: - 

when in an invariant (P or 7’) equilibrium with 2 liquids only 
components occur as solid phases, then both liquids are situated in 
reaction-opposition. The stratification-temperature under constant P 
by addition of a new substance: 

is elevated (lowered) when the partition-coefficient of the new 
substance is smaller (larger) than that of the component which does 
_ not occur as solid phase'). 

We may deduce from (35) similar. rules. for the influence of a 
new substancee on the change in pressure at constant temperature. 

We may also give a more simple form to (34) and (35). We have 
viz. expressed the concentrations of the components in the liquids 
in such a way that each liquid contains in all one molecule. 
We may, however, also mean by concentration the quantity of the 


1) For some exaınples of the influence of a third substance on binary equilibria 
: see F. A. H. SCHREINEMAKERS, Die heterogenen Gleichgewichte von H. W. BAKHUIS 


RoozeBooMm Ill? 160. 
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components when the liquid contains one molecule of the component 
which does not occur as solid phase, consequently in our case of 
the component Y. As, therefore, y, and y, become — 1, (34) and (35) 
pass into: 


RT (x, — 
and (dP)r = a 


(36) 


Now we find: 

the stratification-temperature is raised (lowered) under constant 
P on addition of a new substance, when the concentration of the 
new substance in the liquid, which is formed on addition of heat, 
is smaller (larger) than its concentration in the other liquid. 

The first formula (36) has been deduced formerly for equilibria 
with two‘) and more’) components. 

To be continued. 
Leiden, Inorg. Chem. Lab. 


ı) F. A. H. ScHREINEMAKERS. Zeitschr. f. Phys. Chem. 25, 370 (1898). 
2) H. A. Lorentz ibid. 25. 332 (1898). 


Mathematics. — “On a formula of Syuvsster”. By Prof. W. 
Kaptern. _ 


(Communicated at the meeting of November 29, 1919). 


In his paper “On the partition of numbers” Quart. Journ. of 
Math. I (1857) p. 141— 152, SynLvester has given a general formula 
for the number of solutions in integers (zero included) of the equation 

ER u Mr ee De 
where n and a are given integers. 

Applying this forınula, which is given without proof, to a partic- 
ular example, I found a fractional number. Of course this result is 
absurd. I therefore tried to eonstruct a proof and found, as will be 
shown hereafter, that Srı.vastur’s formula wants a slight correction. 

If the fraction 

1 1 

D(x) (l—aa)(l—e®) , . (l—aer) Sn 
is developed in ascending powers of «, it is evident that the coef- 
ficient of 2” gives exactly the number of solutions in integers of the 
equation (1). We therefore proceed to reduce this fraction to its 
partial fractions and to develop every one of these in ascending 
powers of x. The denominator being a compound quantity, the first 
thing wanted is to determine its different factors. 

Let 1-27 — 0) denote the equation containing all the prime roots 


of the equation 1—x" —= (0, then we have 


k 
an Mine, ee 


Fl 


where d,,d,...da(d, =1, d«—= m) represent the different divisors 
of m. 

To prove this theorem let m—=p”q?... #, 9,9,...t being prime 
numbers, then the divisors of m are the several terms of the contin- 


ued product 
& I 
(i +2) ( + 5) a 2). 
1 1 1 


One of these being 
Br Dt 


we know that the number of prime roots of the corresponding 


equation I—ad = is 
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rl) 


The number of the prime roots corresponding to all the different 
divisors of m is therefore 


J: & 5 1 B 
+6 -,) Sp ||ı + (1--)2# | 3 
Po Get 
1 A 
5 E + (1-2) 28 |=we. BER 
il 


Now these prime roots being all different, they must satisfy an 
equation of degree m, which, because every one of these roots is 
also a root of 1-—ım —= (0, must coincide with 1—am — 0. 

To illustrate this theorem, put m = 20 — 2°. 5, then the divisors are 

1,7,.2, 459,0 10,020 
and the factors corresponding to the prime roots 
1—x, 1+=, 142°, 1404 a’ +2. 1—a’— a’+0', 1—a’+0'1-2'40° 
ÖL 


1, 1-0”, 1a, 1-2, 1-0, 1-.”", 


The continued product of these factors is evidently I—.x”°, or 
er Ins 
il 
Developing in the same way the several factors of P (x), we 
may write 
rı Ta 
B(e)=(l-aa) . (l—a”“). mai my” de 
wbere the quantities «;, ranged a to nah magnitude, 
represent the different divisors of a,,a,..a,, and »; the numbers of 
the divisors &. We may remark here that « =1 and ns, =r. 
If, for instance 
*,+22,4+5,+10», +22, =n 
is the given equation, we have 
TUE NET BEST BESTEN Bu , 


where 
1-2 =1- x 
En N, 
I—.’ = 1a: 14° 


l- 2 1. 1er ID ee 


Me In. 1 


hence 


B (x) = (1l—w)’ (1--a?)? (1 —a*) (1—2*)? (je 1-@'")° (1 —.a°°) | 
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Proceeding now . to determine the partial fractions of 


we know by Caucar’s formula that 
Pe Ren ne 6) 
D (x) in iin: 
where the double parentheses denote that the residues must be taken 
for all the roots of P(z)=0, viz. for all the roots of the equations 


1-2’ =0, 1-2" —=0Q...1-.m—0, 
By developing the factor 
1 HE a” 
a er a Fe Een 
2 —z 2 2 22 
we get immediately for the required coefficient of «" 
1 1 en 
P=- u: 
£ C (De) mi * 


where 
wi a 


or, restoring the original form of #&(z) 


zul (1—zayn (l—2%)” . . (d—2Ü))i..(l—em)m 


1 Br 
W.= — —_ 
zul (1—za)(1—2%) ... (12%) ((1--zi)) 
where the residue is to be taken for all the roots of the equation 
De en He 
Representing one of these roots by go and putting 
z = ge7! 


the preceding value of W,, takes this form 
zen t 
Beer x ee 
a ae. . NMl—-ore 7) ((£)) 
wherein the summation must be extended to all the roots ge of the 
equation (6). 
The term W, may be further developed, for the corresponding 


1 


equation (6) 
I 2 = 0mor- 1-20 


shows that the only root is o—=1. Therefore W, reduces to 


ent t 


(l—e-a) (1—e-at) . . (1-e ) (8) 
37 


u — 


1 


Proceedings Royal Acad. Amsterdam. Vol. XXII. 
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AM 
This residue is the coefficient of En in 


it 
x —ent-Igli-eu) Yll-em),. —Ig(l-e ”) 
e- 


Now 


4 6 
Bra are ER Be 
2/2 4/4 6/6 


= 
x 


vum 


lg(lI—e?)=Igz — 
as may be shown by integrating 


B 
3 
en ut 2 2 Leg, mod z < 2r 


where 


between the limits o and z. 
Substituting the values of /y (1—e*i), we obtain 


where 
v=ntis and s=aitaoitr., ta, 


hence W, is the coefficient of #1 in the product 


1 1 1 
ü I Ur ER I 
BE le, ern 


BEAUEN J 3/ | 


1 = ee 2 Re 
24 1152 F 


: 3, 
1 a! DR 
2880 


Applying the preceding to compute the number of solutions of 
the equation 


1 


“+22, +52, +10&, 4202, —=n. 
we first observe that the different divisors of 1, 2, 5, 10, 20 are 
1 a a 


5, 4 
RE 5 
10 

20 


thus 
B (a) = (1-2) (1-2) (Lt) (l—ad)? (121%)? (1a) 
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The number of values «a; being six, we have six different terms 
x 
In this case, having 
ie, =T0, Va 0 
»—=38, s,—530,.s,— 170642, v—=n+19 
we obtain fi 
72741 
ENT ee 
|’ ZT, | 
or 


1 
a ern: 1901 n? — ||; 
: 18000 E + n?’ + n” + 17366 n + 41930 ) 


For W, the equation (6) 
la) 


or 
1+2=1, 


shows, that also in this case there is only one root „— —.1. There- 
fore W, reduces to 


n er 1)" ent t 
TO te) (I—e 3) (i+e 3) (I-e 0) (I—e%) (WM) 


1 
or (—1)*” multiplied by the coefficient of 7 in 


X nt—lg(l+e=)—Ig1— e=)—Ig(1+e5) —Ig(1— e19) — Ig(1—e 2%), 
——e 


3 
Developing the logarithms in this expression by means of the 


equation (a) and 


Ig(l+e) (le) Ill) = | 
] Z 3 B: s Ines; ca . () 
== ee ra ee er re a 
ai 1e 
we get 
N 1 2%, r 27, ) 
= Enge t . . - ag ... ‘ 
er get ( 4 
Hence | 
=“ 
= 15” — 7274 
= 5000 (Br 3) 
or 
w.= CR (15a: + 3700 446879. 
= 748 00 5 
For W, the equation (6) is 
(Re) 
or 
L 230 


Br 
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hence 


en 
ze Garner ET 51)(1—g!re-101)(1—o”e-291) ((t)) 
where the summation must be extended to both the roots go of 


the equation 1+2?—=0. Writing 0? = — 1, we obtain 
W.= Er 0% ent t 
ae tl te 29 (per 
1 oe” | 
= — —_—— — — Zo tm, 
FI GEF Tr; 


Denoting by 8, the sum of the p!" powers of the roots, and 
observing that 0‘ —=1, we know 


n=2 ı=0, 2,2, 2,—0, 
and generally, k being an integer number 
Zu=2, Zunm0), Zuep=—, Zurs=0. 
Therefore 
te 


which gives different values for different values of n. 
According to 
n—=4p, 4p+1l, 4p+2 4p-+3 
we get respectively the four values 
600 


0, 1,0, —1 
748000 
For W, the equalion (6) gives 
1—-a.'—=0 
or 
1+2: +." +20'+.'=0 
thus 
0 ent t 
werf ee 3: 
(ge) e A—e FA Pe (0) 
Putting 
en nt—lg (ge!) g (1—p*e "2')—Ig (1—e-5 )—Ig(1—e 101) Ig (1—e - 20%) 


and reducing by means of the equations (a) and (b) 


en 
Re I Wie 211 —0)2 7 2 Zap ai 


1000 (1—o) (1—e?) t* 


oa 0 | 20 + dp? 
w=.2 ’ a N an! 
eye +( 1- )*+ 


„525 _34e + 980° — 420° -- 114g‘ 
a 
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or 
n’ + 35n + 2 
ee A u 
2000 SET (1-0?) 
” 0" (20 + 6°) 
2000" AO) (=) 
1 „er"@ä4o - 989° — 429° — 140%) 
2000 ” de) 1-0) 
With the same notations as in the preceding case, we obtain 
er iS ei, De-1; 3, —=—|, 
and generally 
2. =4, Zen —=—|1, Zyp=—1l Zypr=—l Zun=— |. 


According to the values 


n=5p, 5p+1, 5p +2, 5y +3, 5p +4 
we find 
2 ee Zo4r (di 4 0’— ES, rn 
1-Q(-e) 5°“ Dr Fee 
1 
Sur Zuin+2— Zin43 — Zur t4)=(l 0, 1, —-1, —|) 


eep 60°) +1 
EN a zur t Zu = 6,002 0 
on (844 + 980? — 420° 1140) _ 1 

(1 — 0) (l — 0°)’ 577 DE 938 Dun — 8 Zint1 + 


+ 32 &u,+2 + 162 24243 + 352 Zun44) = . 269, — 4, 16, 81, 176) 


and therefore 


— (24n? + 840 6300)(1, 0, 1, — 1, — 1 
a 
"am 48n (8, 0,0, —1 ) 
1 
269, 4, —16, — 81, — 176). 
+ ao 5 b) - ) 
In the same way we obtain, rn to 
n=10p, Ile 10p +2, . 10 +9 
) 120 1800), c— 1,0, 1,3, 3, 1.0, —1, —83, — 3 
W= 25005 (120 n + 1800) ( ) 
ae 21,20, 19, — 5, — 6, 21, - 29,19) 
48000 


and according to 
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n=20p, 20p+1l,... 20» +19 
ER LAN 8, 5, rem. a 
» 48000 
Pe Fe Pa a a 
From the preceding formulae we may deduce the several results 
frn = 10p + 4. =U0,1. 719): 
To illustrate this, taking n —=10p + 7, we obtain 


ii 
W, a + 76n? + 1901n? + 173662 + 41930, 
1 
m EEE —  15n? —  570n — 46873 ) 
Ye 48000 | 
1 
er — rt 
w — 7800 ) 
] 
— 24n? 840n 6300 
1 
—— 159 
18000 ( 3) 
Sr — 120n — 1800 ) 
7 48000 
1 
— — 1260 
. 18000 ) 
1 
een 3600 
Wi 18000 | ) 
and finally 
1 
> W.; m + 76n® + 1910n? + 17516n + 43329) 


se +dP+D(M0p+22p +9. 
That this value is an integer may be easily seen by writing 
mM. = PHP HYIAP +) H+HIEP+U)P+2). 


Comparing the general formula of SyLvEster 


We ee) Be oc a 
ER m 0) 
with the formula (7), it is evident that in his formula 0" ought 
to be replaced by 0”. This makes no difference in the values W, 
and W,. In the example treated by SyLvester 
©, +22,+4+30, +42, +50, 462, —n 
the values of W,, W, W, and W, however want correction. 


Physiology. — “About the influence of radio-active elements on the 
development’. By Prof. A. J. P. van pen Browk. (Communi- 
cated by Prof. H. ZwAARDEMAKER). 


(Communicated at the meeting of November 29, 1919). 


One of the elements, composing the living protoplasma, potassium, is 
radio-active. The investigations Of ZWAARDEMAKER and his pupils about 
the signification of potassium in the organism have proved tlıat, chiefly 
by streaming experiments of tlıe isolated frog-heart, potassium can be 
substituted by an aequiradio-active quantity. of any other radio-active 
element. 

On account of this ZwAAarDEMAKER conceludes'): “die Radioaktivität 
und keine andere Eigenschaft der sich gegenseitig vertretenden Atome 
erfüllt die für die Automatie notwendige Bedingung” (l.e. pag. 49). 
Next to this substitute ZWAARDEMAKER has fixed the attention on a 
second fact, viz. an antagonism between different groups of radio- 
active elements. 

The antagonism is expressed in the following scheme: 


Uranium 
Potassium | Thorium 
Rubidium ' ” . Radium 
(Cäsium) + | lonium 


Niton (Emanation) 


The uranium substitutes the potassium in certain experiments; but 
the elements together neutralize each others’ effect. 

These investigations raise the question if it were possible to sub- 
stitute the potassium during the development by another radio-active 
element. I tried to obtain an answer on this question by experimental 
investigation. I will give a short account of the experiments taken 
and of the results which I obtained. The experiments were taken 
with frog-eggs and carried out in tbe following way. 

After the fecundation (in the laboratory) the egglump was parted 


-ı) H. ZWAARDEMAKER, Die Bedeutung des Kaliums im Organismus. Pflügers’ 
Archiv. Bd. 173. 
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immediately in equal quantities, these are placed in liquids containing 
potassium or in which different quantities of uranium-salt had been 
dissolved. There is practically no potassium found in the Utrecht water, 
thus, as much care as possible was taken, to bring up the uranium- 
tadpoles, with food containing no potassium, while the tadpoles that 
had been put in the liquid containing potassium, got as much ordinary 
(animal) food, as was possible. Rice, boiled in distilled water was 
given as food without potassium. In the first year the uranium-tadpoles 
were brought up in glass-bowls; to prevent the dissolving of potassium 
from the glass, the‘ tadpoles were brought up in quartz bowls in 
the second and third years of the experiments. 


I. A first series of experiments consisted in adding to the water 
a certain quantity of uranium-nitrate UO,(NO,),- 

The potassium which was present in the eggs was compensated by 
giving 44 mgr. uranium-nitrate pro liter; moreover another 12,5, 
25 mgr. (altogether 17 and 294 mgr.) and 50 mgr. pro liter. 

_ At the same time as the tadpoles in these liquids, others were 
brought up in ordinary water, with piscidine‘) and rice. 

The eggs were laid on April 14'h. On May 29h the piscidine- 
tadpoles are long 11—12 m.m.’) and have hind-limbs; on June 6th 
there are tadpoles of 14.2 m.m., which have hind- and front limbs; 
then metamorphosis and tailreduction regularly follow. On June 26h 
only a few tadpoles of 8—12 m.m. remain, these are not yet meta- 
morphosed. 

The rice-tadpoles develop far more slowly, and it now appears 
that at the same time the stage of development of the tadpoles 
differs considerably. On June 26: I found tadpoles of 6—12 m.m.; 
then the development slowly continues; on August 6b ] found the 
first complete metamorphosis, (the tail has disappeared) the length 
being 15 m.m. On October 10'% another tail-reduction takes place. 
Some tadpoles do not metamorphose, they become quite big animals, 
viz. 16—17 m.m., with only short hind-limbs. 

As to the uranium-tadpoles they remain backwards and develop 
far more slowly, which are the most striking characteristies. The 
following table informs us about the size. 

From this table it appears, that the development takes place 
considerably more slowly than with the animals under control, also 
the sizes are smaller. Although the differences seem little, the tad- 


ı) Piseidine is a preparation containing dried and powdered fish. 
?) In these and all following measurements the length must be considered as 
taken from the top of the head to the beginning of the tail. 


A. J. P. v. d. BROEK: “On the influence of radio-active elements on 
the development”. 
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II. A number of tadpoles being in a young stage of development 
(on April 30:) were put into a liquid, eöntaining a quantity of 
uranium-salt and an aequiradio-aetive quantity of potassinm. In this 
liquid the tadpoles grew almost as quickly as the animals under 
eontrol; on July 15" I already found one tadpole with front- and 
hind limbs; several other tadpoles soon get them as well; the smallest 
ones are 8-9 m.m. So these tadpoles grew more quickly than the 
uranium-tadpoles. 

It may be said, that as a general result of the experiments made, 
tadpoles in a medium: containing a radio-active substance antagonistic 
to potassium, grow and metamorphose less quickly than in a medium 
only containing potassium. The.food given to the tadpoles, is not the 
cause of this lingering, for in regard to the tadpoles in ordinary 
water, fed with rice, the uranium-tadpöles also remain backward 
in development. 

The first question that can be put is, if the tadpoles have taken 
uranium next to or instead of potassium. 

This question cannot yet be affirmed. From an investigation volun- 
tarily undertaken by Prof. Rınger, it appeared that no uranium could 
be demonstrated in the tadpoles. 

In another respect this experiment had a very important result 
though the percentage of potassium found in the tadpoles fed with pisci- 
dine, was in two cases 0.76 and 0.82 °/, from the dried tadpoles. The ura- 
nium tadpoles had evidently taken the minimal potassium quantity and 
even 0.91 °/, kalium was found. The potassium-percentage was only 
049°/, of those tadpoles, which had been in water containing 17} 
mgr. UO, (NO,), and 50 mgr. KCl pro Liter (being aequiradio-active 
quantities). It here makes the impression that the presence of + 
aequiradio-active quantities of the antagonistie substances has thrown 
obstacles in the way of taking in potassium. Quite remarkable it is 
though that the concerned tadpoles should only stay little behind in 
growth to those, which had been normally brought up. ') 

The remaining backward in growth might be imputed to a 
possible poisoning caused by the uranium salt. 

In 1919 I have made a single experiment on this subject. On 
May 6' I had five bowls containing 4 L. water each, and resp. 
0, 2'/,, 5, 7'/, and 10 mgr. uranium-salt; every single bowl contained 
75 tadpoles as well; on June 1Y9:h resp. 51, 38, 24, 20 and 20 tadpoles 


!) Prof. Rınger fixes the attention on the fact, that the chemical investigation, 
viz. the investigalion of the radio aclivity of the dried tadpoles, took place with 
so small a quantity of the dried tadpoles, that it is desirable this investigation should 
be repeated, namely about the absence of uranium. 
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were still alive in these bowls; it thus seems as if the tadpoles die 
sooner and in greater number, while being in higher concentration. 
This result does not agree with Hırscr’s!) results, who supposes 
that the quickest development takes place in the concentration, 
nearest to the concentration in which life is impossible. In this case 
one should expect a quicker development in the higher concentrations 
than in the lower-ones, but this has not been proved. 

Moreover Hırsch has every time extended his investigation over 
a very short period (7 days) which does not seem desirable, if one 
takes into consideration the great variability in the development of 
tadpoles. Altbough apparently a poisoning in the solutions with a 
greater quantity of uraninm-salt does not seem iınpossible, the fact that 
many tadpoles develop, and that they live quietly on, in much 
stronger uranium solutions, and the failing of uranium in the body, 
might plead against the poisoning of the uranium- N as a cause 
of the more slow development. 

Mieroscopie investigation of series sections from some uranium- 
tadpoles, in comparison with normal tadpoles of the same size, has 
not yet shown differences in structure or in degree of development 
of certain organs, which should be of importance for the growth. 


ı) E. Hıasch, Die biologische Wirkung einiger Salze. Zool. Jahrbücher. Band 34. 


Mathematies. — “Ueber die endlichen topologischen Gruppen der 
Kugelfläche”. By B. von Ker£KJARTö. (Communicated by Prof. 
L. E. J. Brovwer). 


(Communicated at the meeting of November 29, 1919). 


Die vorliegende Arbeit gibt eine neue Herleitung des Resultates, dass 
die endlichen topologischen Transformationsgruppen mit invarianter 
Indikatrix der Kugelfläche mit den Gruppen der regulären Körper 
identisch sind, was nach dem Brouwksschen Grundsatz '), Jaut dessen 
die topologischen Gruppen mit den konformen homöomorph sind, 
aus dem die konformen Transformationsgruppen der Kugelfläche 
betreffenden, bekannten Satze folgt. 

Wir betrachten eine Gruppe @ von n topologischen, die Indikatrix 
erhaltenden Transformationen der Kugeltläche in sich. Eine willkürliehe 
Transformation ? von @ ist nach dem Zotationssatz ’) eine r-periodische 
Drehung, die also zwei Fixpunkte P und Q hat; die Anzahl der 
mit / bei @ äquivalenten Punkte ist - Wir verbinden ? mit Q 
durch einen Weg 5, der seine bei den Potenzen von ? entstehenden 
Bilder ausser in P und Qnicht trifft. Sei von Paus R der erste solche 


—n . 
Punkt von 5b, dass PR eines seiner bei @ entstehenden Bilder ausser- 
halb ? trifft. Wenn R=Q, so ist @ mit der zyklischen Rotations- 
gruppe 1, £, ,.... ?—-1 identisch. Wenn aber 2 Q, so kann auf 


N 
dem Bogen PR höchstens ein mit R äquivalenter Punkt A’ liegen. 
Wenn auf PR kein mit R äquivalenter Punkt liegt, so ist R bei 


einer Transformation von G invariant, sodass der Bogen PR ein 
zwei nicht-äquivalente Fixpunkte von @ verbindender, seine Bilder 
ausserhalb der Endpunkte nicht treffender Bogen c ist. Wenn aber 


EN 
auf PR ein mit R äquivalenter Punkt A’ liegt, der bei keiner 
Transformation von @ ausser der Identität invariant ist, so betrachte 


—n 

man das System der Bilder des Bogens R’R von 5; es besteht aus 

einander nicht treffenden Jordanschen Kurven, da R zu genau zwei 
solchen Bogen gehört; ferner ist dieses System bei @ invariant. 


!) Diese Proceedings XXI, S. 1143 (29. März 1919). 
2) Math. Ann. Bd. 80, S. 36. 
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Sei y eine der genannten Kurven; da das innere, d. h. keinen Bild- 
punkt von ? enthaltende Gebiet von y bei jeder es invariant lassenden 
Transformation von @einer Potenz derselben Drehung unterworfen 
ist, so kann man ZA’ mit dem im Innern von y existierenden einzigen 
Fixpunkt S (der nicht mit Q@ zusammenfallen kann) durch einen 
seine Bilder nicht treffenden Weg verbinden, welcher mit dem Bogen 
PR von 5 zusammen einen seine Bilder ausserhalb der Fixpunkte 
von ( nicht treffenden und zwei Fixpunkte verbindenden Weg c bildet. 

Die Bilder von c zerlegen die Kugelfläche in Elemente; falls eines 
dieser bei einer Transformation von @ invariant, also einer Drehung 
unterworfen ist, so kann man einen Fixpunkt seiner Grenze mit dem 
in seinem Innern liegenden einzigen Fixpunkt 7 durch einen seine 
Bilder nicht treffenden Weg d verbinden. Die sämtlichen Bilder 
von ce und d ergeben zusammen ein bei G'invariantes System 7 von 
folgender Beschaffenheit: 1. #7 zerlegt die Kugelfläche in Elemente, 
von denen je zwei äquivalent sind und jedes nur bei der Identität 
invariant ist; 2. jeder Fixpunkt von @ liegt auf A; 3. jeder Punkt 
von H, der zu mehr als zwei Bogen von # gehört, ist ein Fixpunkt 
von @. Die Anzahl der Elemente, in welche 7 die Kugelfläche 
zerlegt, ist n; die Anzahl der nicht äquivalenten Fixpunkte ist 3, 
ihre gesamte Anzahl ist also, wenn »,,»,,», ihre Multiplizitäten be- 


binsukeeTzi.N 
zeichnen, gleich n (+ +); die Anzahl der Kanten jedes 
a Ta 


Elementes ist 4, also die gesamte Anzahl der Kanten 2n. Mithin 
besteht nach dem Eunerschen Polyedersatz die Formel 
n Al 2 
nt &—- — 223. oda 2- =1-r—, 
u v, n 
woraus sich die bekannten Lösungen ergeben '). 
Mittels der gleichen Methode werde ich die Brouwsrschen Resultate ?) 
in bezug auf die endlichen Gruppen von topologischen Transformationen 


des Torus herleiten. 


1) Kreın, Vorlesungen über das Ikosaeder, S. 119. 
2)C. R. t. 168, S. 845 (28. April 1919). 


Chemistry. — “Catalysis” — Part VII — Notes on Catalysis ın 
heterogeneous systems. By Nis, Ratan Dar. (Communicated 


by Prof. Ernst CoHEn). 
(Communicated at the meeting of November 29, 1919). 


1. It has been known for a long time that violet chromie chloride is 
practically insoluble in water, but in presence of reducing agents 
solution takes place due to the transformation into the soluble 
modification. 

Anhydrous ferrie sulphate dissolves slowly in water at the ordi- 
nary temperature, in other words, it may be said to have a small 
veloeity of solution. I have found that reducing agents like stannous 
chloride, ferrous sulphate, sulphurous acid ete., markediy accelerate 
the velocity of solution of ferrie sulphate in water. 

In the case of chromie chloride, it is assumed that the redueing 
agent first reduces the insoluble chromie chloride to chromous 
chloride, and the original chromous chloride is transformed into 
soluble chromie chloride. The newly formed chromous chloride then 
acts on the insoluble chromie chloride as before. 

The diffieulty of an explanation like this is that we assume that the 
reducing agent acts on the solid chromie chloride and reduces it; 
from our experience in heterogeneous systems, we know how diffi- 
eult it is to reduce a solid substance rapidiy with a solution of a 
redueing agent. 

Moreover, in the case of ferrie sulphate we do not know two 
varieties of the salt as in the case of chromie chloride. 

It is difficult to assume that ferrous sulphate would reduce ferrie 
sulphate, for we know that a mixture of ferrie and ferrous salts 
can exist unchanged for an indefinite period in absence of oxygen. 

So we can say with Ostwarp (Grundlinien der anorganischen 
Chemie, Leipzig 1900; A. Fınpray’s trans. 603, 1902) that a sufficient 
explanation of these actions is still wanting. 


2. The action of nitrie acid on the metals generally, is somewhat 
complex, because the main reaction is complicated by side or con- 
current, and by consecutive reactions. These again depend not only 
upon the particular metal under consideration, but also on the 
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concentration of the acid, the temperature and the concentration of 
the produets of the reaction aceumulating in the solution. 

MıLLon (Compt. rend. 1842, 14, 904) and Verney (Phil. Trans. 
1891 A, 182, 279) have shown that metals like copper, silver, 
mercury and bismuth have no action on cold dilute nitrie acid 
unless a trace of nitrous acid is present. The nitrous acid may be 
present in the nitrie acid as an impurity;, it may be formed by the 
incipient decomposition of nitrie acid when it is warmed. 

According to Verkv, therefore, the dissolution of copper in nitric 
acid proceeding: Cu + 3 HNO, = Cu (NO,), + HNO, + H,O, is a 
resultant of a series of consecutive reactions: Cu + 4HNO, = 
Cu (NO,), + 2 H,0 + 2 NO, followed by Cu (NO,), +2 HNO, = 
Cu (NO,), + 2 HNO,. t 

The small trace of nitrous acid thus acts as a catalytic agent; 
nitrous acid is continuously produced and continuously decomposed 
according to the following equilibrium : 


3HNO,ZHNO, +2 NO +H,0. 


Similar results have been obtained by Räy (Trans. Chem. Soc. 1911, 
99, 1012) in the case of mercury and by Stanseıe (J. Soc. Chem. 
Ind. 1913, 32, 311) in the case of silver. 

Now Mır1os (loc. eit.) and Veıey (loc. cit.) have pointed out that 
the presence of ferrous sulphate, “which removes the nitrous acid 
as fast as it might be formed’ serves to prevent the chemical change 
between nitric acid and the metals. 

But I have observed that ferrous sulphate exerts an accelerating 
influence on the complete dissolution of eopper in 20°/, nitrie acid 
at 18°. This result being different from those of previous investigators, 
I thought it worth while to observe the effeet of both ferrous and 
ferrie salts and various other substances on the complete dissolution 
of copper in excess of 20°/, nitrie acid. 

Equal lengtlhs of copper wire of uniform sectional area were 
placed into test tubes and covered with an excess of 20°, nitrie 
acid. The mean temperature of the experiments was 18° and the 
tubes containing equal volumes of nitrie acid and equal weights of 
copper wire were kept at rest. Weighed quantities of the solid 
substances used were added at the beginning of the experiments. 
The whole of the copper wire dissolved in about 30 minutes and 
the exact time of dissolution was noted. In order to get exactly 
comparable results one test tube was always set apart for a blank 
parallel experiment. 

It has been found that the following substances exert an accelera- 
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ting effect on the complete dissolution of copper in 20°/, nitrie acid : 

ferrous sulphate, ferrous chloride, ferrie sulphate, ferrie chloride, 
ferrie nitrate, lead sulphate, lead nitrate, lead acetate, copper nitrate, 
copper chloride, barium nitrate, thallium nitrate, lithium nitrate, 
sodium nitrite, manganese chloride, ehromie chloride, arsenious 
oxide, strychnine sulphate, ethylene bromide, carbon tetrachloride, 
hexachlorobenzene, phthalie anhydride ete. 

On the other hand, the following substances have a retarding 
effect: hydrogen peroxide, potassium chlorate, potassium permanganate, 
chromie acid, sodium nitrate, ammonium nitrate, manganese nitrate, 
thorium nitrate, sodium sulphite, titanie acid, molybdie acid, ammo- 
nium persulphate, mangenese sulphate, cobalt chloride, copper acetate, 
copper sulphate, caleium nitrate, tartarie acid, ether, urea, acetie 
anhydride, benzoie anhydride etc. 

In a foregoing paper of this series (Trans. Chem. Soc. 1917,111, 
707) I have shown that sulphurie acid in small eoncentration is an 
accelerator, whilst in large concentrations it is a retarder in the 
oxidation of oxalice acid by chromie acid. Similar results have been 
obtained in the action of nitrie acid on copper. The following sub- 
stances in very small concentration exert a slight accelerating effect, 
whilst in large concentrations they have retarding effeet: 

Zine chloride, nickel chloride, cobalt nitrate, aluminium nitrate, 
potassium chloride, strontium nitrate, cadmium nitrate, magnesium 
chloride ete. 

When the concentration is very small, the effect of potassium 
nitrate, uranium nitrate, citrie acid, potassium diehromate ete. is 
practically nil, but in concentrated solutions they are all retarders. 

The effeet of monochloracetie acid is very peculiar. In small eon- 
centrations, it is & feeble accelerator and in eoncentrated solutions 
it has a retarding effect, which instead of increasing, decreases with 
increase of concentration. A similar phenomenon has already been 
observed in the case of the oxidation of formie acid by chromie 
acid in presence of manganese chloride (loc. eit. p. 726). 

It is praetically impossible to give a complete explanation of these 
results, they being so diverse. 

Ferrous sulphate and ferrous chloride behave as marked accelerators. 
It would appear that the acid nucleus in this particular instance, plays 
no part. A part of the ferrous ion reduces the nitrie acid to nitrie 
oxide and passes into the ferrice state. The nitrie oxide dissolves in 
the ferrous salt solution forming the unstable substance FeNO”. The 
dissolved nitrie oxide then reduces a part of the nitrie acid according 
to the following equation: HNO, +2 NO +H, 03 HNO,. 
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It is quite possible that some nitrous acid is produced by the direct 
reduction of nitrie acid by ferrous ions. The formation of nitrous 
acid either by the direct reduction of nitrie acid by ferrous salts 
or by the indireet reduction through the intervention of nitrie oxide 
is proved by the following experiment. If nitrie acid of the strength 
used in this research. be taken: in a test tube and a crystal of ferrous 
ammonium sulphate or ferrous sulphate be added to it, almost 
immediately the crystal is covered with the deep brown FeNO ion 
and a little nitrie oxide also escapes. If urea erystals are now added, 
they are immediately oxidized with the evolution of carbon dioxide 
and nitrogen, indicating the presence of nitrous acid. So in presence 
of ferrous salts, nitrous acid, which is the active substance in the 
action of nitrie acid on copper, is formed when we have an excess 
of nitrie acid. This explains the accelerating influence of ferrous salts 
in the complete dissolution of copper in 20 °,, nitrie acid. 

As a matter of fact, the accelerating effect of ferrous salts is slightly 
greater than the accelerating effect of sodium nitrite on the dissolution 
of copper in nitrie acid. The greater the concentration of the ferrous 
salt, the greater is the acceleration. 


Ferrie sulphate, ferrie nitrate and ferric chloride exert a marked 
accelerating effect, though their activity is slightly less than that of 
sodium nitrite and the accelerating effect is proportional to the 
concentration of the ferrie salt. It would appear that the acid nucleus 
in this case also, plays no part. The explanation of this activation 
seems to lie in the reduction of ferric salts by the nitrie oxide which 
is a product of the chemical change between nitrie acid and copper. 
The ferrous salt, which may thus be formed, will reduce a part of 
the nitrie acid into nitrous acid, which activates the action of nitrie 
acid on copper. It seems plausible that a part of the ferrie salt would 
be reduced to the ferrous state by the metallic copper. It is well 
known that when a solution of a ferrie salt is shaken with metallic 
copper, the ferrie salt is partly reduced to the ferrous state and the 
copper is oxidized to the ceuprie salt and an equilibrium is set up: — 

2 FeCl, + CuZ2FeCl, + Cull, 

The ferrous salt thus formed reduces the nitrie acid to nitrous 
acid, which accelerates the action of nitrie acid on copper. 

In a similar way the accelerating effect of arsenious oxide, strych- 
nine sulphate, phthalic anhydride etc. may be explained on the 
basis of the formation of nitrous acid by the action of these redueing 
agents on the nitrie acid. 

The retarding effect of the oxidizing agents like, H,O,, KMuO,, 
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H,Cr,0,, KCIO,, (NH,),8,0, ete. and of the reducing agents likeurea, 
sodium sulphite ete. is certainly due to the destruction of the nitrous 
acid as soon as it is formed. When the experiment was performed 
in such a eondition so as to cover the copper wire with solid urea, 
the reaction became very slow, but it did not stop altogether. 

It is very diffieult to explain the difference in the behaviour of 
the nitrates on the oxidation of copper by nitrie acid. Lithium nitrate 
is an accelerator, whilst sodium and potassium nitrates are retarders; 
from analogy we should expect calcium nitrate .to have an accele- 
rating effect, but as a matter of fact, both caleium and strontium 
nitrates are retarders, whilst barium nitrate is an accelerator. 

Rennı and Cook (Trans. chem. Soc. 1911, 99, 1035) have found 
that the accelerating or retarding effects of the nitrates of K, Rb, 
Cs were functions of the temperature and of the concentration of 
the acid. 

HısıLev (Amer. chem. Jour. 17, 18 (1895)) has shown that both 
NO, and N,O, are the products of the reaction between copper and 
nitrie acid. Evidently in the solution, we should consider the following 
equilibria 


3 HNO; 23 N0-> HNO; H;0- Fire 
N.0, #H,0 2HNORE HNO ee 
3NO, - H,0>3HNO, 7 NOr Eee 


Lewis and Epsar (J. Amer. chem. Soc. 1911, 33, 292) have shown 
that in equilibrium (1) there is a change in the equilibrium constant 
with the concentration of nitrie acid. It seems probable that nitrates 
may affeet one or more of these equilibria and change the concen- 
tration of nitrous acid, which being the activating agent. 

In this connection, it is interesting to observe that several reac- 
tions, in which nitrie acid is the oxidizing agent, are autocatalytie. 
As for example, the actions of nitrie acid on metals like Copper, 
Silver, Bismuth, Mercury etc., on starch, on sugar, on arsenious 
oxide, on hydrogen iodide (EckstÄpt, Zeit. anorg. Chem. 1901, 29, 
51), on nitrie oxide (Lewis and Epear, loc. cit.) ete. become more 
pronounced as the chemical change proceeds. 

The explanation is not far to seek. The nitrous acid is the active 
substance and its concentration and hence the reaction veloeity 
increase with the progress of the chemical change. In all these cases 
I have found that the chemical change becomes more rapid when 
a nitrite is added at the commencement of the reaction. 

It has been observed that the chemical change between nitrie acid 
and copper may be practically stopped by agitating vigorously the 
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tube containing copper and nitrie acid, because the nitrous acid 
cannot accumulate round the copper. 


Summary and Conclusion : 


1. The veloeity of solution of anhydrous ferrie sulphate can be 
increased by the piesence.-of sulphurous acid, stannous chloride, 
ferrous sulphate etc. No satisfactory explanation of reactions of this 
type is fortheoming. 

2. The action of .nitrie acid (20 °/,) on copper has been studied 
in the presence of various substances and it has been observed that 
when the nitrie acid is in excess and the whole of the copper is 
made to dissolve, ferrous and ferrie salts exert a marked accele- 
rating effect. In the light of the present investigation, the view 
hitherto accepted as regards the part played by ferrous salts in des- 
troying nitrous acid, has to be modified. As a matter of fact, it has 
been proved that nitrous acid, which is the active substance in this 
reaction, is formed by the action of nitrie acid on ferrous salts. 
Oxidizing agents like H,O,, KMnO,, H,Cr,O, etc. destroy the nitrous 
acid and hence retard the change. 

Out of the 56 substances, the effect of which was investigated, 
22 act as accelerators and 22 exert a retarding influence in all 
concentrations; whilst 8 of them are slight accelerators in small 
concentrations and are retarders in concentrated solutions. Four of 
these 56 substances have been found to be neutral in small and 
retarders in large concentrations. 


My best thanks are due to the van ’r Horr Fund Committee for 
a grant for this research. 


Chemical Laboratory, Muir Central College, Allahabad, India. 
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Chemistry. — “Notes on Cobaltammines’. By Nın Raran Dar. 
(Coimmunicated by Prof. Ernst CoHen). 


(Communicated at the meeting of November 29 1919). 


In two previons investigations (Zeit. Anorg. Chem. 1913, 80, 43; 
84, 224) 1 had occasion 10 study certain proporties of the cobalt- 
ammines. This note is the result of the continuation of my previous 
work. 

1. Let us consider the following series of compounds 


\ (NH,), (NH,), Se 
[Co (NH,),] Cl,, 1% (NO, | (Bil E a Cl, [© NO). 


K |& a and K, [Co (NO,),]- For the preparation of 


(NH,), INES > | or | oA 
Kanon Ib [nor | Co no, and K 00 o,, 


the general method of procedure is to mix a cobalt salt, ammonium 
chloride, ammonium hydroxide and a nitrite;, by this a complex 
cobaltous compound is formed which is turned into the stable cobaltie 
compound by oxidation. The amount of a certain compound which 
will be formed, depends on the concentration of the reacting substances 
and on the solubility of the resulting complex compound. If the 
concentration of the nitrite in the solution is large in comparison 
with the concentrations of ammonium hydroxide and ammonium 
chloride, we should expeet that several (NO,) groups would enter 
the complex. 

It has been known from a long time that aquopentammine salts 
can be converted into the corresponding hexammine salts by heating 
the aquo compound with ammonia in a sealed tube or in a bottle 
under pressure. 


Bcl sNEINI a 
I found that if |®% Kr] Cl, is warmed with a dilute solution 


of sodium or potassium nitrite, we get mainly | le which 


could be purified by recerystallisation. 
In a similar way croceo 'cobalt ehloride | Co (NO ), Cl can be 


517 


NH 
converted into |® er by warming it with a dilute solution of 
ige (NH,) | | (NH,) 
a nitrite, whilst 1% °| can be converted into K [& : | 
(NO,), (NO,), 
NH,), 


by warming |® Sn 


nitrite, ammonia escaping from the solution. 


| with a concentrated solution of potassium 


I tried to prepare the compound K, © Re 
(NH,), 


(NO,), 


1 which is still 


unknown, by warming K 1% ) with potassium nitrite, but was 


unsuccessful. 


On the other hand, one can convert K |® “or un kb no 


and E N into | N Cl by warming the compound in 
question with a mixture of ammonium chloride and ammonium 
hydroxide. | 

In all these cases, ammonium salts are used along with ammonium 
hydroxide, and their function is to suppress the ionisation of the 
base and form undissociated NH,OH, which is in equilibrium with 
NH,. The NH, then enters into the complex moleeule. 


2. If a fairly concentrated solution of aquopentammine cobaltie 


„: Y @NH;),; 
chloride |& (H,0) 


NH, 
corresponding purpureo salt 1% en 2 | Cl, 


(NB,), \ a 
Cl R.O>1€ Cl. 
© a a 
This is a case of equilibrinm in solution and the purpureo salt 
being much less soluble comes out as a precipitate. 


Io, is left, it slowly gives a precipitate of the 


NH 
If we start with a solution of purpureo cobalt chloride 1% a "|, 


and add ammonium hydroxide and warm the mixture, we get the 
(NH,), 
(H,O) 
method of preparation of the aqno salt. 

I find that the ammonium hydroxide has only a catalytic effect 
on the hydrolysis of the purpureo salt into the aguopentammine salt. 
A solution ‘of the purpureo chloride takes up a molecule of water 


aquopentammine salt 1% | Cl, in solution, and this is the usual 
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and passes into the aquo salt very slowly even at the ordinary 
temperature. This hydrolysis is markedly accelerated by the presence 
of hydroxyl (OH’) ions. The greater the concentration of the hydroxide 
ions, the greater is the acceleration. The study of the reaction velocity 
of this hydrolysis may serve as a means of determining the concen- 
tration of hydroxide ions in a dilute solution of a base. Thus if we 
make a solution of the purpureo salt and add a few drops of a 
dilute solution of potassium hydroxide, the purple colour changes 
and becomes rose in a few minutes; but with a weak base like 
ammonium hydroxide the colour change takes a long time. This 
explanation may be true in the case of bydrolysis with the corre- 
sponding compounds of chromium and platinum. There is evidence 
to show that in some other cases of hydrolysis by alkali, the action 
of the hydroxide ions is catalytic. The decomposition of sodium 
chloracetate by alkali is a case in point (Senter, Trans Chem. Soc. 
1907, 91, 473). 

One can get the hydroxides of the cobaltammines in solution by 
treating the corresponding halide with moist silveroxide: 

NH 
1% Cl AgüH = E sl OH + AgCl 

The solution slowly decomposes even at the ordinary temperatures. 
The hydroxides of the other members of this series can also be 
prepared by this double decomposition. These hydroxides turn phenol- 
phtalein pink and electrie conductivity measurements show that they 
are strong bases of the type of sodium hydroxide. 

But one cannot prepare the hydroxide from purpureo cobalt chloride 
|% Se Cl, by double decomposition with silver oxide. The 
explanation becomes simple on the light of the catalytie effect of 
hydroxide ions on the hydrolysis of purpureo.salts into the aquo 
compounds. The hydroxide ions set free by the double decom- 
position act calalytically on the purpureo salt and actually one gets 

(SH,), je 
a (OH),, which is stable 
in alkaline solution, (compare Urgaın et SfnfcHan, Chimie des com- 
plexes, p- 280, “Les sels purpureo ne donnent pas une reaction de 
ce genre”). 


the aquopentammine hydroxide 1% 


Summary and Conchision. 


1. The principle of the preparation of the eobaltammines is guided 
by the law of mass action and thus depends on the eoncentration 
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of the reacting substances. One can substitute a nitro (NO,) group in 
a compound by the group (NH,) on warming it with a mixture of 
ammonium hydroxide and a ammonium salt and on the other hand, 
NH, is replaced by NO, when the salt is warmed with a nitrite solution. 

Ä „ (NH), (NH, ] 

2. [& cı \eı, ee = 1% (H,O) | 0, 

This hydrolysis reaction is catalytically accelerated by the presence 
of OH’ ions and the velocity is proportional to the concentration of 
hydroxide ions. 

(NH,), (NH,), 
[& (NO, | (OH),, % En OH ete. 
are strong bases and can be prepared in solution. The base obtained 
from the purpureo cobalt chloride is the aquopentammine hydroxide 


(NH,), 
E Ho \om. 


Chemical Laboratory, Muwir Central College, Allahabad, India. 


“ Mathematics. — ‘“An involution of pairs of points and an involution 
of pairs of rays in space.” By Dr. C. H. van Os. (Commu- 
nicated by Prof. Jan DE Vrırs.) 


(Communicated at the meeting of September 29, 1918). 


$ 1. Introduction. By several authors involutions have been 
treated, consisting of groups of points in the plane or in space. On 
the contrary involutions, eonsisting of groups of straight lines, do not 
seem to have been considered. In the following such an involution 
will be investigated. This involution is derived with the help of an 
involution of pairs of points, which is itself again connected with 
a certain bilinear congruence of twisted cubics. 

The congruence in question [o*] is formed by all the curves ;g* 
which pass through two given points A, and A,, and have three 
given straight lines a,, a, and a, as bisecants. These curves are the 
ımnoveable intersections of the quadratie surfaces out of two given 
peneils (o°,,) and (g*,,). The base-curve of the penecil (g’,,) consists 
of the lines a, and a, and the common transversals d,,, and 5,4 
which we can draw through the points A, and A, to these straight 
lines; that of the peneil (o?,,) consists of the lines a, and a, and 
their common transversals db, ‚and d,,, passing through A, and A,.') 

Through a point P passes one E* of the congruence; if we asso- 
eiate to P the point P’, which on the curve go? is harmonically 
separated from P by the points A, and A,, we getan involution of 
pairs of points (P, P'). 

A straight line Z is chord of one e°; let P and Q be its support- 
ing points. Through the involution just found there are associated 
to the points P and Q two points P’ and Q’. If we now associate 
the line {” connecting the points P’ and W, to t, we get an involu- 
tion of pairs of rays (tt). 3 


$ 2. Degenerate g* of the involution. We shall show that the 


!) This congruence [3] has been investigated by M. STUyvArrT (Eiude de quelques 
surfuces algebriques engendrees par des courbes du second et du troisieme ordre 
Dissertation inaugurale. Gand 1902) and by J. DE Vrırs (Bilineaire congruenties 
van kubische ruimtekrommen. Proefschrift, Utrecht 1917). 
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congruence |g*| contains seven systems of &'! curves g*, each of 
which is degenerated into a conie 4” and a straight line d. 

In the first place the conie A” can pass through the points A, and 
A, and therefore lie in a plane = through the straight line A, A,. 
Such a plane interseets the lines a,,a, and a, in tlıree points A,, 
A, and 4, which together with the points A, and A, define one 
conie &*. The ruled surface w? formed by the common transversals 
of the lines a,, a, and a,, intersects this conie k* besides in the 
points A, A, and A, in one more point D; the transversal d 
passing through D, forms with k* a degenerate ge’. The surface w* 
is intersected by the line A, A, in two points B, and B,; the 
generatrices b, and db, of w’ passing through these points, form each 
with the line 4, A, a degenerate 4? of the system just considered. 
The transversal d, which completes the degenerate k?, formed by the 
lines A,A, and db, to a o°, isapparently no other than the line d,. The 
three lines b,, A, A, and 5, form therefore together a degenerate o*. 

It has just appeared that to every conic %* there belongs a definite 
transversal d; is tlıe reverse also the case? In order to examine 
this we remark that the line A, A, is twice a component of a 
degenerate %k’, and is therefore nodal line of the surface formed by 
these conies kA’. A plane x through A,A, interseets this surface 
along the nodal line and along a conie k*; it is therefore of order 
four. A transversal d intersects this surface besides in the lines «,, 
a, and a, in one point D and so forms together with one conie A? 
a degenerate g°. 


$ 3. In order to get a second series of degenerate o’, we draw 
the transversal 5,,, mentioned in $ 1 and bring through the point 
A, and the line a, a plane «,,. This plane intersects the transversal 
b,,, in a point D,, the lines a, and a, in two points C, and (.. 
The points A, D,, C, and C, determine a pencil of conies each 
of which forms with the line b,,, a degenerate o°. 

As we can take one of the transversals b,,,, Dias Paso Dasss Öyus 
instead of the transversal D,,, we get in all s«r peneils of conics 
degenerated in this way. 

Each of the corresponding pencils of eonies contains three pairs 
of lines; for the peneil lying in the plane «,, they are the pairs 
(A,D,, C4C,) (4,0, D,C,) and (A,C,, D,C,). Each of these pairs 
forms with the transversal db,,, a oe’, which has degenerated into 
three straight lines. 

Lying in the plane «,, the Jine A,C, intersects the line a, and is 
therefore the transversal b,,.; in the same way the line A,C, isthe 
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same as the transversal d,,,.. The curve (d,,., A,D,. G,C,) belongs 
evidently only to the pencil of degenerate o° which contain the line 
D,., a8 component; the eurves (by. Dass, D,C,) and (biz dass Di C,) 
belong each to two peneils of degenerate g*. There are therefore six 
curves of the first and as many of the second kind. Hence together 
with the eurve (b,, A,A,, d,) the eongruence [g°’] contains thurteen * 
which have degenerated into three straight lines. 


$ 4. Singular points and bisecants of the congruence. The points 
of the three lines a,, a, and a, are singular points of the congruence. 

Let us consider for instancee a point A, of the line a,. The 
surface 9*”,, through A, interseets an arbitrary surface g?,, along a 
curve 0’, which passes through the point A,. Through A, passes 
therefore a pencil of curves oE*; all these curves pass also through 
the second point of intersection of tlıe surface ’,, witb the line a,. 

Also the points of the transversals di. are singular points; for 
each of these transversals is component of a pencil of degenerate g*. 

The straight lines through the points A, and A, are singular 
bisecants; for througb any point of such a straight line there passes 
one oe’ and as this passes also through the points A, and A,, it has 
that straight line as bisecant. 

In the second place the straight lines in the planes a, &,, &s 
Ay @yp A, brought through the points A, and A, and the lines 
a,, a,.and a, are singular bisecants. For each of these planes contains 
a pencil of conics k’, each of which is a component of a degenerate 
o’, and a straight line in such a plane is bisecant of all these conies. 

In the third place the generatrices g,, of the surfaces g°,,, which 
cross the lines a, and a,, are singular bisecants of the congruence. 
Such a line g,, is intersected by the surfaces y°’,, In the pairs of 
points of a quadratie involution and the two points of such a pair 
are every time the supporting points of a curve go’. As the surfaces 
p’,, pass tbrough the lines a,, a,, d,,, and d,,, the lines Ir Are 
the transversals of the lines d,,, and d,,.. 

In the same way the transversals 94 Of the lines d,,, and d,, 
and the transversals g,, of the lines d,,, and d,,, are singular bise- 
cants of the congruence. 

The singular bisecants form therefore two sheaves, six fields and 
three bilinear congruences. 


$ 5. Pairs of points on a degenerate 9°. We now pass on to the 
consideration of the involution (P, P') and examine first what becomes 
of this correspondence, if the points P and P'lie on a degenerate o°. 
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With a view to this we remark, that the four harmonical points 
P,A,P',A, of a curve g* from each of its chords s are projected 
by four harmonical planes. This must remain the case, if we let the 
g° degenerate into a conic Ak” and a straight line d. 

In the degeneration considered in $ 2, the points A, and A, lie 
both on the cönice 4*. The following two cases are now possible: 

1. The point ? lies also on the conie A*. If we take as chord s 
a common secant of the conie k* and the line d, we see that also 
the point P’ lies on. k’ and is harmonically separated from Pby 4, 
and A,. 

2. The point P lies on the line d. If we take the chord s in the 
same way, we see that the point P’ lies on Ak’ and by 4, and A, 
is harmonically separated from the point of intersection D of the 
two components k’ and d. 

To the point D', which is harmonically separated from D, all the 
points of the line d are therefore associated; for the rest there belongs 
to every point P of the degenerate 0° one definite other point P. 

In the degeneration considered in $ 3, the point A, lies on the 
line d, the point A, on the conie A? (or inversely). Two cases are 
again possible: 

1. The point / lies on the conie %?’. If we again take as chord s 
a secant of k? and d, we see that the point 7 lies also on the conie 
k” and is harmonically separated from P by the points A, and D. 

2. The point / lies on the line d. If we take as chord s a straight 
line in the plane of the conie k*, we see that the point / lies also 
on the line d and is harmonically separated from / by the points 
A, and D. 

To each point of this degenerate o* belongs consequently a definite 
other point. If P coincides with D, the point P’ does the same. 

If the ge? is degenerated into three straight lines, considerations of 


the same kind hold good. 


$ 6. Singular points of the involution (P, P'). On every non dege- 
nerate 0° the points A, and A, are associated to themselves; it 
appears from the preceding $ that this is also the case for the dege- 
nerate o*. These points are therefore not singular points of the invo- 
lution. On the contrary the points of the lines a,a, and a, are 
singular points. Let us consider e.g. a point A, of the line a,. In 
order to find the point A,' associated to A, on a curve _* passing 
through A,, we must bring through the bisecant a, of this curve o* 
a plane which by the planes a,, and a,, is harmonically separated 
from the plane which touches the curve g* in the point A, and 
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passes through the line a,; this plane intersects the curve 0" in the 
point A’, in question. 

As the plane (A',, a,) passes throngh the line a,, it is a tangent 
plane of the surface y”,, which contains the considered curve 0°. 
Now the tangent planes of a ruled surface in the points of a gene- 
ratrix are projeetively associated to the points of contact; ıhe point 
of contact B, of the plane (A',,a) is therefore har menleels separa- 
ted from the point. A, by the points of contact of_the planes a,, 
and a,,. As these two planes pass through the lines d,,, and per? 
their points of contact B,, and B,, are the intersections of these 
transıersals with the line a,. 

If the surface ,,’ deseribes the peneil (p,,”), the plane (A', a,), 
wbich touches the surface g°,, in the point B,, describes a peneil 
which is projectively associated to the pencil ($?,,). The figure 
produced by these projeetive peneils is a surface of the third order. 
To these planes of contact belong the planes «,, and a,, each of 
which is at the same time part of a degenerate surface @?,,; conse- 
quently these planes belong to the product and the rest is a plane. 

The figure produced by two projective pencils passes through the 
base-curves of these peneils. The plane just found contains therefore. 
the line a, as this is the case with neither of the planes @,, and «,, 
It must also pass through the point D, as the intersection of a curve 
p’,, with its tangent plane in the point D consists besides of the 
line a,, of a generatrix through the point 2,. 

The locus of the.points A’, which are associated to the point 4, 
on the different curves go? laid through the point A,, belongs to the 
intersection of the plane (3,,a,) with the surface y*,,, on which all 
these curves g° are situated and which passes through A,. This 
intersection consists besides of the line a, of a straught line 2; this 
is the locus in question. 

This line % passes through the Io of intersection of the plane 
(B,,a,) with the line a,. Evidently this point of interseetion is pro- 
jeetively associated to the point B,, therefore also to the point A,. 
The same must hold good for the intersection of the line A with 
the line a,. If the point A, deseribes the line a,, the interseetions of 
the line 2 with the lines a, and a, deseribe two projective sequences 
of points. Consequently the line A describes a quadratic surface w*, 
the locus of all the points associated to the points of the line a,. 

To each of the lines a, and a, belongs a similar surface @*. 


$ 7. The points of the transversals d,,, ete. are not singular points 
of the involution. For from the construction given in $ 5 it follows 
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that to every point of such a transversal a definite other point of 
the same transversal is associated, no matter of which degenerate 
0° we consider the transversal to be a component. 

From $ 5 follows further that on each degenerate o° of the first 
series there lies one singülar point D’. We shall determine the loeus 
of these singular points. 

It appeared in $ 2 that to this series belongs a o° consisting of 
the straight line 4,4, and the two transversals 5, and 6, of the 
four lines A, 4,, a, a, and a,. As we can combine each of the 
two transversals with the line. A,A, to a degenerate conie %*, there 
lie on this eonie to singular points D', and D.. 

A plane r through the line A,A, contains one conie k’ and con- 
sequently it interseets the locus in question, besides in the points 
D', and D',, in one more point D’; the locus is therefore a twisted 
cubic 0°. 

A point D’ is associated to a straight line d, which intersects 
the three lines a,, a, and a,. To the points associated to D’ belong 
therefore three points which lie on the three lines mentioned; con- 
sequently the point D’ must lie on the three surfaces w* found in 
the preceding $. All these three surfaces pass therefore through the 
eurve 0°. 


$ 8. If a point / describes a straight line /, the point P’ asso- 
ciated to P describes a curve (l). As the line / has two points in 
common with each of the three surfaces w’, the curve (/) has two 
points in common with each of the three lines a,, a, and a,. A 
surface ,,? intersects the line / in two points and contains both 
the points of the curve (/) associated to this line, so that in all this 
surface y,,” has s«w points in common with the eurve (/). For this 
reason (/) is a Zwisted cubic. 

In general the line / and the curve (l)’ have no points in common, 
for as a rule no two associated points of ıhe involution (P, P') lie 
on /; for the rest this involution has only a finite number of coin- 
cidences, viz. the points A, and A, and the points D, found in$ 5, 
in which the transversals Ö,,, etc. intersect the corresponding planes 
a,, ete. As a rule therefore the line / does not contain any coinci- 
dences either. 

If a point / describes a plane V, the point P’ associated to P, 
deseribes a surface (V). In order to find the order of this surface, 
we draw in the plane V a straight line /. The ceurve ()’ associated 
to this line /, interseets the plane V in three points, each of which 
is associated to a point of Z. The line / intersects therefore the locus 
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of the pairs of points (P, P') Iying in the plane V, in three points; 
eonsequently this locus is a curve of order three. The plane V con- 
taining as a rule no coineidences, this eurve is the complete inter- 
section of V with the surface (7 ), which for this reason is a surface 
of order three. 

The surface (V')’ contains the lines a,, a, and a,, for each point 
of one of these lines is associated to a line }, which cuts tbe plane 
V in one point. In the same way the surface (V’)’ passes through 
the eurve 0°. 

Let Q be a point of the plane V, la straight line of V passing 
through Q. This line contains three points P, associated to a point 
P' in Y. If we connect these points P' with Q and associate these 
lines of connection to the line /, we get in the pencil of the rays 
through Q a correspondence (3, 3) with sız coineidences. These must 
originate from the rays (P, P') passing through Q and each of these 
rays furnishes two coineidences, as the correspondence (PoPAmis: 
involutory. Through Q@ pass therefore three rays P’ P’ which lie in 
plane V and accordingly the lines PP’ as a rule form a cubic 
line complex. 


$ 9. Singular straight lines of the involution (t, t'). We now proceed 
to the considerätion of the involution (£, t’) and first investigate its 
singular rays. 

The line A, A, is bisecant of all the curves 0’. On an arbitrary 
curve 0° each of the two supporting points A, and A, coincides 
with its associated point; in this case the line A, A, is associated 
to self. 

According to $ 7 the.line A, A, is & component of one degenerate 
oe’ and as such contains two singular points D,’ and D,'; to these 
points correspond all points of the two transversals d, and 5b, ofthe 
lines A, A,, a,, a, and a,. If we consider the points D,'and D,' as 
supporting points, there is associated to the line A, A, a bilinear 
congruence of vays which has’ the lines d, and 5, as direetriees. If 
we consider one of the points D,' and D,' and one arbitrary other 
point of the line A, A, as supporting points, we find that to the line 
A, A, there are moreover associated two fields of rays Iying in the 
planes which connect the lines d, and db, with the line A, As 

Also the line a, is bisecant of all eurves o°. The supporting points 
E,F, are each time the two points of interseetion of the line a, 
with a surface p?,,. The points 2’, and F’, associated to these, lie 
on the generatrice A and u of the surface w* corresponding.to E, and F,. 

Through each pair of points (%,, F,) pass co! curves g°; the cor- 
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responding points #,’ and 7, describe apparently two projective 
sequences of points. Moreover the pairs of points (Z,, F,) form an 
involution on the line a,; the pairs of generatrices (2, u) form there- 
fore also an involution. Consequently the pairs of points (Z,', F/) 
form an involution on“the surface w’ and the lines connecting 
associated points of this involution are the rays associated to the 
line a,. 

We shall first demonstrate that each generatrix v of the surface 
®* which belongs to the same system with the lines a, and a, 
contains one pair of points (Z,', F/). With a view to this we ak 
that two points 4,’ and #, are situated on the same eurve o°; 
this eurve intersects the surface w* besides in the supporting points 
of the bisecants a, and a,. The congruence [g?] being bilinear, each 
line v» belongs as bisecant to one e°; the corresponding supporting 
points are the points in question #,’ and #\’ 

Through a point #, of the surface &? there pass two rays ofthe 
congruence in question, viz. the line connecting #,’ with its associ- 
ated point 7)’, and the line » passing through the point Z,’; con- 
sequently the order of this congruence is iwo. 

A tangent plane of the surface »*” contains one line v and one 
line 2. The straight line u, associated to the line A, cuts this tangent 
plane in a point 7,’ and the line connecting this point with the 
associated point #%,’ is a ray of the congruence in consideration, 
which together with the line v lies in this tangent plane. For this 
reason the class of the congruence is two as well. 

Analogous considerations hold good for the lines a, and a,. Con- 
sequently to each of the lines a, a, and.a, there corresponds a 
congruence (2,2). 


$ 10. A straight line / through the point A, is bisecant of w!' 
curves o?. The point A, corresponds to itself; the locus of the points 
P’ corresponding to the points / of the line ! is according to $ 8 
a curve ())’. This passes through the point A,; for when 7 gets 
into A,, P’ eoineides with P. The rays associated to the line / project 
the curve (/)’ from the point A, and form therefore a quadratic cone. 

The same holds good for a straight line through the point A,. 
A straight line / in the plane «,, is bisecant of o@' conics k*. Let 
E and F be the points of intersection of the line / with such a 
coniec. The points Z’ and F’, associated to these points # and F, 
lie according to $ 5 also on the conie A” and the straight line #’F’ 
is associated to the line /. 

The locus of the points #’ and F is a conie A’, for the line / 
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has one point in common with the line a,. To this point corresponds 
a line 2, so that the curve (/)’ which corresponds to the line I, 
must degenerate into this line 2 and into a conie %*, the locus ofthe 
pairs of points (Z’, F’). These pairs of points form an involntion 
on the conie %*; the line e’F’ passes therefore through a fixed point, 
so that to the line Z a plane pencil of the plane «,, is associated. 

The same holds good for a straight line in one of the planes 
ao, a ar ande, 

According to $ 4 each transversal- g,, of the lines d,,, and Ö,,, 
contains an involution of pairs of points (@,/) which are each time 
the supporting points of a curve g°. The associated points @’ and A’ 
lie on the eurve (2), which through the involution (P, P’) is associated 
to the line g,,. The pairs of points (@’,H’) form an involution on 
this line with two coineidences and the lines @’A#’ determine a 
quadratie ruled surface, associated to the singular line g,.. 

In the same way there corresponds to each of the lines g,, and 
91, a quadratie ruled surface. 

The straight lines which are associated to all the lines g,,, form 
together a line complex, the order of which we shall determine 
later on. 


$ 11. It appeared in $ 5 that on each degenerate e* of the first 
system lies one singular point D’ which is associated to all the points 
of the line d. A bisecant / of this 0° through the point D’ corres- 
ponds therefore to a pluıne pencil which projects the line d from 
the point which is associated to the second supporting point of the 
bisecant. 

These bisecants / form two plane pencils, which both have the 
point D’ as base point; tbe first lies in the plane of the conie. A*, 
the second projects the line d from the point D’. 

The plane of the conie A? passing through the line A,4,, the 
bisecants / of the first kind are the common secants of the line 4,4, 
and of the locus ö* of the points D’. As A,A, and 6°’ have two 
points D', and D', in common, their common secants form a con- 
gruence (1,3). 

A plane V intersects the curve »° in three points; through each 
of these points passes one bisecant / of the second kind Iying in the 
plane V; these bisecants form consequently a congruence of class 
three. 

From a point P the curve 0° is projected by a cubie cone K*. 
The planes which projeet the corresponding lines d from P, envelop 
a quadratic cone of which the tangent planes are projectively asso- 
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‚ eiated to the generatriees of the cone Ä°; it happens /ive times that 
such a plane passes tlırough the corresponding straight line, so that 
this line is a bisecant / of the second kind passing through P. 
Hence the order of-the congruence formed by these bisecants is five. 

To each ray / of one of the eongruences (1,3) and (5,3) corres- 
ponds a plane pencil of straight lines / which project a line d 
from a point of the corresponding conie %?. For the lines / of the 
second kind this point coincides with D’, so that the congruence 
(5,3) is transformed into itself; for those of the first kind it is an 
arbitrary point of the conie k*®. 

A plane V intersects the conies 4? in the points of a curve c* 
that has a node in the intersection of the plane V with the line 
A A,, and the lines d in the points of a conie c’. Between the 
points of the curves c* and c*there evidently exists a correspondence 
(1,2). The three points of intersection of these ceurves Iying outside 
the intersections of the plane V with the lines a,, a, and a, and 
with the two transversels d, and 5, of the four lines A,A,, a, a, 
and a,, are points D, hence coincidences of this correspondence. 
The lines connecting associated points of this correspondence, in 
other words the rays !' Iying in the plane V, envelop therefore a 
ceurve of class five. 

The rays U’ corresponding to the rays l of the congruence (1, 3) 
form consequently a line complex of order five. 

The degenerate curves 0? of the second series, found in $ 3, do 
not centain any singular points. 


$ 12. Coincidences. A line A produces a coineidence if its sup- 
porting points P and Q coincide with their associated points P’ 
"and W. 

The involution (P, P’) has a finite number of coineidences, viz. the 
points A,, A, and the six points D found in $5, in which the trans- 
versals b,,, ete. cut the corresponding planes a,, etc. The line A,A, 
and the lines connecting the points A, and A, with the points D 
are therefore rays of coincidence. 

Let us further consider a line / through the intersection D, of 
the line d,,, with the plane «a,,. This line is bisecant of a degene- 
rate g* formed by the line d,,, and a conie 4” in the plane «,,; in 
the point D, this conie touches the plane brought through the lines land 
Dis. For if we cause the two supporting points of a bisecant PQ 
of which the supporting point P lies on the line d,,,, the supporting 
point Q on the conie A*, toapproach D,, we get such a straight line . 
The point P’ associated to P lies on the line d,,, and N 
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cally separated from P by the points A, and D,; it approaches 
therefore also to D, and in such a way that lim. PD: PD) = — 4; 
In the same way the point Q on the conie k? approaches to the 
point D,. From this it is easily seen, that in the limit the line 
P'Q' eoineides with PQ so that the line / is a ray of coincidence. 

Consequently the straight lines through these six points D are also 
rays of coineidence. 

A line t is also a ray of coineidence, if P' eoineides with Qand Q' 
with P, so that the supporting points P and Q are associated to 
each other in the involution (P, P'). According to $ 8 these rays 
form a cubic complex. 


$ 13. When a straight line 2 deseribes a plane pencil, the associ- 
ated ray 2’ describes a ruled surface -R, of which we shall determine 
the order. 

Each ray is bisecant of one curve 9°; the locus of the supporting 
points is a curve c; this has a node in the base point B of the plane 
pencil, for on the two rays t connecting B with the two other points 
of intersection of the „* passing through 2 one of the two supporting 
points gets into B. Hence the curve c is of order four. 

The curve c‘ has one point in common with each of the three 
lines a,, a, and a,; for if a ray Z intersects one of these lines, one 
of the two supporting points gets into the point of intersection. 

Through the involution (P,P') a curve (l)’ is associated to a line 
!, hence to a curve of order four, in general one of order twelve. 
The curve 0‘ has one point in common with each of the straight 
lines a,, a, and a, and to each of these points a line A is associated, 
so that moreover a curve go? is associated to the curve g*. 

The pairs of supporting points form on the eurve c* an involution 
with s@w coineidences; these are the points of contact of the six 
tangents which can be drawn from the node B at the eurve c*. 
The pairs of points of the curve 0°, associated to them, form there- 
fore also an involution with six coincidences. The lines connecting 
associated points of this involution form consequently a ruled surface 
of order six, which is the surface R. 

We can also determine the order of R by trying to find the 
number of points of interseetion of this surface with the line a,. 
With a view to this we remark that to the line a, a surface w? is 
associated, 80 that whenever one of the supporting points of a ray t 
lies on this surface &*, one of the supporting points of the associated 
ray !' lies on the line a,. The surface »* passes through the lines 
a, and a,; the curve c* interseets this surface besides in the points 
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it has in common with the lines a, and a, in siw more points, 90 
that the plane peneil in consideration contains six rays ? of which 
one of the supporting points lies on the surface @?:; consequently 
there are six rays ! intersecting the line a,. 

In the third place we’can determine the order of R by trying 
to find the number of intersections with the line A,A,. For this 
purpose we remark that a ray {’ interseeting the line A,A,, if it is 
not a singular ray, must be bisecant of a conie 4”. The two sup- 
porting points are associated to two points of the same conie, so 
that also the associated ray Z intersects the line A,4,. The plane 
pencil contains one ray £ intersecting the line A,4A,; the associated 
ray E’ rests also on the line A,A,. 

According to $ 11 there is a complex of order five consisting of 
rays t associated to singular rays t’ which form a congruence (1,3) 
and each of which intersects the line A,A,. The plane pencil contains 
5 rays of this complex, hence the surface R five rays 7’ of the (1,3). 

In all the line A,A, is intersected by six rays t’, so that the 
surface R is of order sur. 


$ 14. We can now also determine the order of the line complex 
associated to the congruence of the singular rays 9,, found in $10. 

A singular ray {?’, intersecting the line d,,,, is bisecant of a 
degenerate 0° consisting of the line d,,, and a conic %* of the plane 
&,,, passing through the point of intersection of this plane with the 
line 7’. The supporting points of the associated ray £ lie also on the 
line d,,, and on the conice &k’. Now the plane pencil considered in 
the preceding $ contains one ray i, which intersects the line d,,,; 
hence there is one ray ?, which intersects the line d,,.- 

The other five generafrices of the ruled surface AR° intersecting 
the line d,,, must be singular rays, therefore lines g,,. The plane 
peneil contains five rays associated to rays g,,; consequently these 
rays form a complex of order five. 


$ 15. To a sheaf of rays corresponds a congruence |[?’|. In order 
to determine order and class of this congruence [?’], we take the 
base point B of the sheaf on the line A, 4,. 

lt has been found already in $ 13 that to a ray ? intersecting 
the line A,A, a ray t’ is associated also intersecting A,A,. We shall 
now show that the rays £ and ?’ intersect the line A,4, in the same 
point. | 

Let i* be the eonie which has the line t as bisecant, P and Q 


the corresponding supporting points, P’ and Q’ the points associated 
39* 


592 


to these. Through a linear transformation of the plane = of the 
eonie k? we can transform the points A, and A, into the cirele 
points at infinity. If S be an arbitrary point of the conie A”, the 
straight lines SP and SP’ will be harmonically separated by SA, 
and SA,, hence they will be perpendieular to each other after the 
transformation, so that PP’ is a diameter of the eirele A’, the same 
as the line QQ’. The chords PQ and P’Q’ are therefore parallel 
and consequently intersect on the line A,A,. 

To an arbitrary ray ? through the point B corresponds, therefore 
a ray through the same point, so that to the congruence [?] there 
belongs in the first place the sheaf itself. 

To the line A,A, corresponds a bilinear congruence of rays, also 
belonging to the eongruence [t’|, besides two fields of rays. 

Through the point B passes a cubie cone of singular rays of the 
congruence (1,3) considered in $ 11. To each of these rays corres- 
ponds a plane peneil whieh projects a line d from a point Q’ of 
the corresponding conie %*. The point Q’ is associated to the second 
point of interseetion Q of the ray with the conie A?. 

The eubie cone mentioned has the line A,A, as nodal generatrix. 
The two generatrices coineiding with A,A, belong to the two dege- 
nerate conies k? consisting of the line A,A, and of one of the two 
lines 5,,d,; hence the two leaves of the cone X’, which pass through 
the line A,A,, touch at the planes of these degenerate conies conse- 
quently they also touch the two leaves both passing through 4A,A,, 
of the surface of order four, found in $ 2, described by the eonies 
ik”; the line 4,A, belongs therefore siw times to the interseetion of 
the cone X* with this surface. The rest of the interseetion. eonsists 
of the curve o° projected by the cone Ä° and of the locus ı’ of 
the points Q. The cone Ä° has three points in common with each 
of the lines a,, a, and a, Iying on the quartic surface mentioned; 
the curve 0° having these lines as bisecants, two of these points lie 
every time on the curve 0°, while the third must lie on the curve r?. 

It is further easily found that the curves 0° and x’ Iying on one 
and the same cubie cone, have three points in common. In general 
through the involution (P, P’), to a cubie eurve a curve of order nine 
is associated. However the .curve ı’ having one point in common 
with each of the lines a,, a, and a,, three straight lines A belong 
to this associated curve and as it has three points in common with 
the curve 0° and for this reason contains three singular points D’, 
three lines d belong to it. The complete locus of the points Q' is 
therefore a curve r.?. 


The rays in question, associated to the generatrices of the cone 
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K°, project the lines: d from the corresponding points Q’ of the 
t,'. In {he same way as in $ 11 we should therefore find that these 
rays form a congruence (5, 3). But it happens three times that the 
point Q@’ coineides with the point D and hence lies on the line d; these 
points are associated to the three points of intersection of the eurves 
0’ and rt’, for in them the point Q coineides with the point D’. In 
this case all rays through the point Q’ interseet the line d. Accord- 
ingly, from the congruence (5, 3), which we should find in general, 
three sheaves are split off and we only find a congruence (2, 8). 

To the sheaf of rays through a point B of the line A,A, are 
associated one sheaf, two fields of rays, one bilinear congruence and 
one congruence (2,3). In general there corresponds therefore to a 
sheaf of rays a congruence (4, 6). 


$ 16. To a field of rays corresponds also a certain congruence. 
In order to investigate this, we consider the rays lying in a plane 
x through the line A, 4,. 

A non singular ray of this field is bisecant of a conie A? in this 
plane x, hence associated to another bisecant of this conie. To the 
congruence in question belongs therefore in the first place the field 
of rays itself. To the line A, A, in the plane r correspond a bilinear 
congruence of rays and two fields of rays. 

To an arbitrary straight line through the point A, corresponds a 
quadratic cone with tbe point A, as vertex. This intersects the plane 
x along two straight lines. The sheaf of the rays through the point 
A, belongs therefore also to the congruence in question and each of 
these rays must be counted fwice, because it is associated to Lo 
rays of the plane =. The same holds good for the sheaf of the rays 
through the point 4,. 

The plane x intersects the curve 0° besides in the points D', and 
D', in one more point; through this point passes a plane pencil of 
singular rays of the congruence (1,3). To each of these rays corres- 
ponds a plane penecil, which projects the line d, belonging to the 
conie k’, from a point of this conic; hence to the plane peneil 
mentioned corresponds the congruence of the lines resting on Ak’ and 
d. As these have a point D in common, those lines of intersection 
form a congruence (1,2). A field of rays is therefore transformed 


into a congruence (6, 6). 


Mathematics. — “On n-tuple orthogonal systems of n—1-dimensional 
manifolds in a general manifold of n dimensions.” By Prof. J. A. 
ScHovtex and D. J. Sravis. (Communicated by Prof. J. CarDInaaL). 


(Communicated at the meeting of June 28, 1919). 
I. 


1. Notations‘). A p-dimensional manifold may be denoted by F/,, 
a p-dimensional euclidean *) manifold by R,. A, may also denote 
an infinitesimal region, determined by p independent direetions, in 
the vieinity of a point of F.. As original variables in a V,„ we use 
the systems = and %,..., with the corresponding covariant and 
contravariant vectors 

a Veh eo 


BR: un. 
s=Vw; Ss; 
which satisfy the eonditions: 


’ 


a. —e ; B.Ju® 
s’-.5=G& ; 5.5=0,7? 
0 when Zu 
a... —= | a («—1) en 
x—=(—1) 2? when i=nu 
0 when j#Xk 
.,.52 — 


x when j=k. 
The fundamental tensor of this 7, may be written ’g: 


Ay ,®, —— ; Ten L,n,n 
"= > mag. I rate! I guys I ls’. (8) 
3 2 J 
ia di, J.k JE 


We will choose the aequiscalar V,_ı belonging to =! and w in 
different ways according to the eircumstances. 


2. Normal and V-ereating fields. In a manifold 7, may begiven 


) For the notations used in this communication see also: J. A. SCHOUTEN, 
Die direkte Analysis zur neueren Relativitätstheorie, Verh. der Kon. Akad. v. 
Wetenschappen XII, 6 (1918), here further eited as A. R. 


2) We will call a manifold euelidean when its Riemann-Christoffel affiner K 
is zero. Compare A. R. p. 58. 
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an R,-field by the p-veetor-field of the simple p-vectors ') ‚v. Then 


any system of simple (n—p)-vectors, perfectly perpendieular to AZ 
determines an R,_,field. When tbe field „_,w is everywhere per- 


feetly perpendieular to a system of @"-9 manifolds V,,g<{p, the 


E,direetion of V, in each point lies in the region of ‚v: In the 
ease that „_,w is not also perpendieular to a system of «1-1 
manifolds V,+; we call „-‚W V,normal and ‚v V,-creating. 
When ‚v=v, .v,, then ‚vis V ‚ereating, if the p equations: 

En ee Nr \\ 
have n—q independent solutions. This condition is suffieient too, 
for the V, can always be given as intersections of n—q systems 
ee 2, 77, fe ta . in which e,..:-,; Cn_g are variable 
parameters. It is necessary that 9<{ p, for in an R, an R,_,y. can 
only be perfeetly perpendienlar to an R,, when @e — 0. Every solution 
Jı is also a solution of the equation: 


-Wn- Wie; Vv)-VAr+vy2VVhk=0, uj—=1,---,9 () 
hence also of: 
ee a a ee), 


Firsily we consider the case g= p. (In this case the system of 
differential equations (4) is a complete system.) If we write: 
{WW 4 Wu—ps 
then we conclude from (6) that all veetors v;! Vw; —y;! vv; lie 
in the region of ‚v, which also can be written as follows: 


MEZ 


(7: 7 u ml Ty).we—0 (7) 


Bahr Ben 

If the equations (7) were not satisfied for some values of iandj, 
we should certainly have less tan n— p independent solutions, for 
it would be possible for these values of i and 7 to join the equations 
(6) to (4). In this way a system of r equations, n > r > p might be 
obtained, which would be satisfied by all solutions of (4). But this 
system certainly has more than n—r independent solutions. Hence 
the condition (7) is necessary and suflicient. 

As: 

2VYn v)=(WV -v)% — (7.1) +. VW); -(;-VW)w, (8) 
(7) is equivalent to 


1) A simple p-vector can be written as an alternating product of p non-ideal 
vectors and can be represented by a part of a definite R, with definite volume, 
but of indefinite shape, together with a hyper-screw-direction. 
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a a RA ee En. (9) 
or also to 
a VEN I a er (10). 
hence to 
n—pW v?® Dy= 0. ”) en e (A) 


In this equation the auxiliary vectors v and w oceur no more. 
lt is the required condition that the „v-field may be. V „creating. 
As: 
u.|7 wo v)=w.(a.V)alln -vj)))= 


— (a. ma? vi -v))-a.)wmiialmiav)o - (MM 
= (v v)?V wi 


(A) is equivalent to 


am) vam=0y er ee 
and as 
1,..,n —p 
VAan-Ww= I aw..-We-ı(a.V)WEWIHL.- Wapı » » (13) 
k 
also to 


von] el. a ai Sees (B) 


(B) can be deduced from (A) without returning to the auxiliary 
vectors v; and w;. We can show also independently of (A) the 
necessity of (3). For, when „_,w is V,-normal, we always have 


a>W=IAl(Vf}) 2 (7 /a-p)} ii. 
in which A is a function of the place. Hence 


7 w (NA) CT Fr Ze re 
from which (3) is a direct result, because every vis LVfj. 
When p=n—l, we see from (5), or clearer from (15), that 


Vw is a simple bivecior. From this we may deduce the following 
theorem. When a field w is V„_ı-normal and w is interpreted as 


!) The forms (10) and (12) of the condition are identical with those occurring 
in E. von WEBER, Vorlesungen über das Pfaffsche Problem (TEUBNER, 1900) 
page 99 and 100. 

?) (A) and (B) were already given without proof in J. A. ScHouTEn, Over het 
aantal graden van vrijheid van het geodetisch meebewegende assenstelsel. Versl. 
der Kon. Ak. v. Wet. 27 (18) 16-22. 

°) The differentiating effect of a differential operator extends to the first coming 
closing bracket. 

4) This term is zero, because w,Lv, and IN: 
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the vector of velocity of a streaming liquid, in which case the 
component of rotation of the movement (with respect to a geodesically 
moving systeın) is given by V — w, in this rotation every point ot 
be His ıL V > w remains unaltered. ') Indeed, dr!(7V  w) is a 
vector in the plane of Vaw. 

In the same way we can prove that, if „v is V,-creating and 
thus „_,w is V,-normal, the equations exist: 


| n—gW v2 pY =]. . . . . . . . (A') 
vn, 0... 


in which „v represents a g-vector in V, and „_,w an n—q-vector 
1V,. For p=n—1 we see from (B') that for a V,-normal vector- 
field w the component of Vw in V, is a tensor. 


3. Canonical congruences. A field of unit-veetors i„ determines 
a congruence ’, U,—=x%i,! Vi, is the vector of curvature of the 
curves of this congruence and the modulus «, —= (U,)„ is the geodesie 
curvature. 

As 

V)lln=iVh =... .-.: . 0. (16) 


the second ideal factor of Vi, does not contain an index n. Hence 
2 
Vi„ consists of two parts, a part h in the Ayu-ı Lin and a part 
1034! Vi, %, U: 
2 
vV,L=h+in%, ine nd ae (17) 


In general h is the sum of a tensor *h and a bivector ‚h. If i 
is a unit-veetor in one of the n—1 mutually perpendicular principal 
directions of *h, we have 

ENG EBDE 9... 2 Se 
and as 
v-,.=Hh+3n +unh), RR. (19) 
we have 
Bear in eoe . r (RO) 


ı) For Rn this is observed by A. SOMMERFELD. Geometrischer Beweis des 
Dupis’schen Theorems und seiner Umkehrung, Jahresberichte der Deutsch. Math. 
Ver. 6 (99) 123—128, p. 128. 

3) In A. R. p. 38 et seq. the word “Hyperkongruenz” is used. For the sake of 
simplicity we will use here the word congruence, in harmony with among others 
Rıccı and Levı-Civira. 
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or 
292 12 ge ee ne 


a E 


for 


From (21) follows: 
ER EEE nn: 
or, when X;, are the covariantive coordinates of Vi, and ia 
those of i„, in coordinates: 


0 Da er Ina, 
Yaı Ka, aı 2 9a, a, Xa u 79a, a, 
—0,. (24) 
} an ) . . X u A 
17 a, Ana, / 9a, 5 . a4, Ja, a, 


This equation of degree n—1 in A is called by Rıccı the algebraue 
characteristic equation of the congruence j,. ') Since the tensor ’h has, 
as is known, n—1 real prineipal directions, the equation (24) has 
n—1 real roots.?) When all roots are distinet (that is when no two 
roots are equal in all points of V,„, which does not exclude that they 
may be equal in some manifolds of less than n dimensions), we see 
from (21) that to a definite root A, belongs the direction: 

in; (Vin A En ne 

Two directions belonging to distinet voots are mutual perpendicular, 
because with regard to (20): 

I; .ie = riet (Versi; nn hen Ib IE IH 

A p-fold root deterinines a region R,, perfectly perpendieular to 
the regions of the other roots, and in this region we may choose 
p arbitrary mutually perpendicular direetions as prineipal directions. 

In every case we can indicate to the given direction i„ in every 
point n—1 mutually perpendieular principal directions that join to 
the congruence in n—1 mutually perpendicular congruences ij, j—1,2, 
...,n—1. Ricer calls these congruences the orthogonal canonical 
congruences belonging to in.?) 


!) G. Rıocı. Dei sistemi di congruenze ortogonali in una varietä qualunque, 
Memorie R. Acc. Lincei Ser. V 2 (95) 276—822, p. 301. 

?) For a direct proof see e.g. G. Rıccı, Sui sistemi di integrali independenti di 
una equatione lineare ed omogenea a derivate parziali di 1° ordine, Ann. di Mat. 
Ser. II 15 (87/95) 127—159, p. 134. 

3) G. Rıccı. Dei sistemi, p. 302. For the sake of brevity we will speak here of 
canonical congruences. See also G. Rıccı and T. Levı Cıvıra, Methodes de calcul 
differentiel absolu, Math. Ann. 54 (01) 125—201; J. E. WRIGHT, Invariants of 
quadratic differential forms. Cambridge Tracts N°. 9 (08), p. 73. 
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For the scalars A and 1 from (20) follows: 


nenn ul. . (a) 
y=hin? u Ale —=t$i;.n, gl 347 Sotnfe (28) 
and from (18) for ’h: 
1,..,n—1 
== = ES Be u (29) 
J 

and 

Ben. nen 2 (80) 
or 


Eee Vi 


In the special case that in is V„_ı-normal, (B) gives: 


Er ee Be Teer 
hence ‚n=0. Instead of (17) then the equation holds: 
ET Re EM EHN 


By means of the idea of geodesic alteration, that is alteration 
with respect to a geodesically moving system, a simple geometrical 
interpretation can be given to the canonical directions. In conse- 
quence of (17) and (30): 


Da ia ei, ak. ve. 9 284) 
Nowxi;ı Vin is the geodesic incerement of i, when moved in the 
field along ij. pro unit of length, and so i;i.? Vi. isthe projection 
of this speeifie inerement on the j-direction, i.e. the specific geodesic 
rotation in the n —j direction. Hence when ‚B; is the bivector of 
specific geodesice rotation of the system i,,...,i„ when moved in the 
k-direction: 

De a fra 28 

then i;ir2 Vin is the nj-component of „Br: 
Be SU Eh 208 rer (80) 
So the nj-component of the rotation „Br is to the nk-compo- 


nent of the rotation ‚Bj. ') 
When i, is V„_ı-normal, we get in consequence of (31) and (32): 


2 Vh=), Fk. EEE Sr =. 6: 10) 
Thus the nj-component of ‚Br is zero when j #£ %k, or: the geodesic 
ı) Rıccı, Dei sistemi, p. 303, gives another geometrical interpretation, in which 


he makes no useof the idea geodesically moving. Then however it is necessary to 
lay the Yr in a euclidean space of more than n dimensions. 
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rotation of i, when moved in the 4-direetion oceurs in the nk-plane. 

When we define tlıe prineipal directions of curvature in a point 

of the V,_ı as the directions ix in which the geodesic rotation of 

ji, oceurs in the nk-plane‘), we can conclude that the canonical 

congruences are the principal directions of curvature of the Vn-ı Lin. 
Still a consequence of (29) and (33) is 


ul Vn—Aiz, jelran. net (38) 


equation equivalent to (37), which may also be considered as definit- 
ing equation of the prineipal direetions of eurvature of theV„_ı Lin. 


4. The second fundamental tensor of the Vn-ı Lin. In order to 
make clearer tlıe signification of ”h, we choose the V„ı Li, as 
aequiscalar regions of the original variable «” and n—1 arbitrary 
systems of V„-ı through i„ as aequiscalar regions of the original 
variables #,2=a,...d—ı: Then the directions of e, and ey’ lay 
in the V„—ıLi,, while eu, and ea, have the direction of i,: 


. a 
ln = En &a =, Vanee, er - (39) 
n En n 
Then the contravariant Au-characteristie number of ?h is: 
Me— 06,232 Vu ie, o2Vi.o Dun 
or, because „Le and | e,, and: 
Va VD —N, vo, ae 
also: 
Me — In, 2Va—Ima? V,— 


= I,.n?Vo —4Iıh,2 Vo — 
1 


= ne 2% — 
= (eu ea, : ve+aecd«.?:Vg)= 
2En 2 


1 da} dar ) 
= — — ar + a)— 


(42) 


2En \ 9° Ian 


% 
25, (da, x V) gr =; *(in . V)ge ® 


In the same way the covariant characteristie number of °?h is: 


) This definition is the natural extension of the definition of the lines of 
curvature on a V, in Rz as the lines, along which the normals form a developable 
surface. 
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me —erey2ıh—!ere’? Vin + te’? Y,—\ 
BRAIN Ir 2° Lab, 2 
er er! Ve + a: Ve = 
en eu I U ag, ... (48) 
Te dm) “) 2m 5 Bi dan “) | 
%* 


= Fe a) —=3rlin. V) Ne. 
Hence *”h is the second fundamental tensor RA ER IE Penn 
When i„ is geodesic without being V„_ı-normal, then we have 


u„=0 and Vin lies totally in the region Li,: 


NN N ROBESERNERLT 
When i, is normal too, Vi, is symmetrical: 
ee rei 


In this latter case choosing x"” as the length measured from a 
definite V„_ı Lin along the curves of the congruence i„, we get: 


EI N) 


5. Mutually orthogonal V„_ı-systems through a given congruence 
when the canonical congruences are singly determined. 

When given an i,„, it is required to choose the original variables 
Y',...y"—ı in such a way that the corresponding aequiscalar V„—ı 
pass through i, and that the veetos = Vy, j=1,...n-41, 
are mutually perpendicular. 

Hence the system of equations: 

NER A En Re 

TA ra‘) 
must allow for every value of 5; n—2 independent solutions. The 
necessary and sufficient condition is, according to (7): 

„I! Vz —-ı! Vh=nst al - . + (49 
in which az; and «a, are arbitrary coefficients. Since in L8S7, and 
accordingly: 

| RER TA (V sz) ! El (Sk . in) z (V in) 1 Sp (V Indi Sp » (50) 
(49) is equivalent to: 


I) Compare BrancHı-LuKAT, Vorlesungen über Differentialgeometrie (1899) p. 
601, form. (7). The prineipal direetions of curvature may also be defined as the 
principal directions of the second fundamental tensor. So BIANCHI, P. 609, 618. 
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(Vene ga rer 

This equation however is of the shape (20) and hence each of the 

desired veetors 8; forms one of the canonical congruences belonging 

to i,. At first we consider the case 'that the n—1 roots of (24) are 

all different. In this case every vector 8, must be equally directed 
with a definite i: 


1 
Elle 
Ok 


The n—1 canonical congruences belonging to i„ must therefore 
all be V„_ı-normal. In order that this may be so, i„ has to satisfy 
certain conditions that may be obtained as follows. 


Application of Y to (31) gives: 
TUT + TE + VL in)} ? ijir = 0,57%,(53) 
and transveetion with in: | 
int (Yi,)1 (7 te VII ii + ij ind V(Vin)—0.(54) 
In consequence of (46) and (51) (V—i,) ! i. contains only iz and 
i,. Further i; is V„-ı-normal, so that according to (B): 
in1(V a, te 5. EH Buree 
Hence (54) is equivalent to: 
Tl) lIi)l ir + iziein 3 V(V-i,)—0. (56) 


If now 


1,...,n—1 
Harn mbhbhb—=x 2 Yiı--.: . 0... 09 
er) 


we have a quantity: 

4 

$n = An bu ba an. en re (58) 
which when transvected twice with an arbitrary affinor of second 


degree gives the component of this affinor in the R,_ı Li„. Intro- 
dueing the 0 


2 == er (in . V)( (7-i,) —2T vn in)! (V 1)% Es (59) 
we get from (56): 


y2 Pelz T, 2a 2) 
————— 1 


Hence the first condition is that the tensor *p has the same principal 
directions as ’h. 


Since on account of (19): 


4 4 
$n - (in . V) (V ae in) ——n 2 (in . V) °h + KUnlim. .°. (60) 
and on account of (19) and (30): 
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4 4 
g. 2 T (V = in)! (V in) m) ®h ı ®h r *Un Un + du 2 2 „eh .h, (61) 
we have: 
4 
ee Wen aanne nl 3>h Van, ;°.v. (62) 
Since ’h! :h has the same principal directions as ’h, we may 
express the first condition also in another way, viz. that 


4 
u ? (in E V) ra hi „hi 
has the same principal directions as ’h: 


ir? kin. )—2 Ta =0jFh5k—=1,2,..,n—1.| (C) 


(C) can also directly be found when we start from (30) and reason 
in the same way as we did when deriving (Ü'’). 
In order to get a second condition we apply V to (30) and after 
that we transvect with i,. This gives: 
v. W)iy}ie?’h +. V)idi;2’hb+iie? (u-V)’h=0 . (63) 
or, according to (29): 
Mir? Vi; + Au? Vierte? u.V)’h=0 .-. (64) 


OF 
AA) Vytayi? u. W)h=0. . . . (65) 
The vectors ij, iz and i, being all V„-ı-normal and mutually per- 
pendicular, so that 
KIN UV He ey? VIE —ichy? ae (66) 
ZU, Vu - LU VE —=- 11291, 
or: 
ei V,=\, 3 Sr et) 
the equation (65) is equivalent to 


ie? (VO, JFEhkFllF phl=lhm.n-ı | (D) 


Since (Vi;) ! i; and in consequence (i1.V)V (ij. 15) Is zero, so that: 
Tee Rh) re 
also the prineipal direetions of ”h are singly determined. 

The tensor xdsiı! 9 °h being the geodesic differential of ”h, when 
moved over ds in the direction of i,, (he second condition (D) expresses 
that by an infinitesimal translation in a direchon perpendicular to 
in and perpendieular to m <n—2 of the canonical directions belonging 
{0 in, the component of the geodesic differential of °h in the Rn, 
determined by these m directions, has principal directions coinciding 
with m of the principal direetions of *h. 
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The two eonditions (C) and (D) are not only necessary, but also 
suffieient. Indeed, from (C) and (C’), which are perfeetly equivalent, 
we conelude (56) and from (30) we conelude (54). Comparing (54) 
and (56), we get (55). From (D) we get, when comparing with (65), 
which results from (30), the equation (67). But (55) and (67) show 
that congruence 1; is V„_ı-normal. 

Finally we have the result: 

The necessary and sufficient conditions that we can bring n—1 
mutually orthogonal Vn—ı through the congruence in, whose corres- 
ponding algebraic characteristic equation has but unequal roots, are 
that i„ satisfies the equations (C) and (D)'). 
(n—-1)(n —2) 


9 ‚the number of 


The number of the equations (C) is 


—1)(n—2)(n—3 
MEN 5 X ) according to the fact that 
| j and k may be interchanged without creating a new equation, but 
not-j and /?). Considered as differential equations in the characteristie 
numbers of i„n both systems (C') and (D) are of second order. 


the equations (D) is 


6. Simplifications for the case that the given congruence is Vn—ı- 
normal. If i„ is V„a_ı-normal, then ,h—=0, and ’g, is the first and *h the 
second fundamental tensor of the V„-ı Lin. Its prineipal direetions 
determine the direetions of prineipal curvature. (61) changes into: 


4 
En ® 2 “ (V > in)! (Vi) _ 2 hi *h E= “Un Un, . . . (69) 
and (62) into: 
4 
Pat ln.V han ee Be 
(©) changes into: ee 
ie (a V) SQ) Sr a SEE 


and gets with this the same shape as (D). 
In the same way as with (658) we see here: 
;r?(h.V)=W- Vie?’ . 27) 
hence also the prineipal direetions of x(i„. 7) *h are singly determined. 


1) (0) is deduced for the first time by Rıcoı, Dei sistemi, vergel. (A), p. 309. (D) 

has in his paper a less simple shape, in our notation: 
ij iril? V (V > in) — ı (ik . U,) ij; u2V in + 3 (ij . u.) ie lu N in, (D') 

and -is denoted equation (B), p. 309. (D’) vesults when we apply the operation 
(i1.V) to (31). (C) and (D) are consequences of (30), (0) and (D’) of (31). Here 
we have first deduced (C’), because the condition in this shape is identical 
with the condition given for R, by LitLientHaL, which is very important for the 
problem, as may be seen in the second part of this paper. 

?) G. Rıccı, Sui sistemi, p. 152. 
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In connection with the already given geometrical interpretation 
of (D) we get the following theorem : 

I. A system of &' V„_ı in a V,, whose second Fundamental 
tensor *h has n—1 principal directions that are singly determined except 
on determined V,,r <n—1, belongs then and only then to an n-tuple 
orthogonal system, if the component of the geodesic differential of *h, 
when moved perpendieular to m of the principal directions of *h, 
has ın ‚the determined by these m directions prineipal directions 
coineiding with the denoted m principal direetions of ’h. 


This tleorem is given for a system of V, in R, by Mavrick 
Levy). 

When the prineipal directions of °’h for a certain point P are 
not singly determined, we conclude from (68) that also the prineipal 
direetions of x (in. V)*h, and hence those of °h, for all points of a 
curve of the congruence i,„ through P are undetermined in the 
same way. From this we see: 

I. In a sustem of »' V„ı in a V„ belonging to an n-tuple 
orthogonal system all points in which all or some directions of 
prineipal curvature are not singly determined (umbilics in a wider 
sense) are arranged on loci consisting of curves of the congruence 
orthogonal on the V.-ı- 


Also this theorem is first given for a system of V, in R, by _ 
M. Lfvr.’) 

Since the characteristice numbers of i„ may be expressed in the 
first differential quotients of the parameter determining the system 
of the V,_1, the equations (C) and (D) are partial differential 
equations of the third order in this parameter. °) 


ı) M. Lövy. M&moire sur les coördonnees curvilignes orthogonales. Journal de 
l’Ecole Imp. Polytechnique 26 (70) 157—200, p. 159. 


2) M. Lövy. Memoire etc. p. 174. 

3) For a short survey and a discussion of the literature of this differential 
equation of the third order for a system of V, in Ry [for here (D) disappears and 
the system (C) reduces to one equation] see e.g. LUCIEN L£vy, Sur les systemes 
de surfaces triplement orthogonaux. Mem. couronnes et M&m. des savants &trangers, 
Bruxelles 54 (96), 89 p., p. 5 and following pages. 
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Geology. — “On Foraminifera-bearing Rocks from the Basin of 
the Lorentz River (Southwest Dutch New-Guinea)”. By 
Dr. L. Rurren, eorrespondent of the Academy. 


a 


(Communicated at the meeting of October 25, 1919). 


The Duteh South-New-Guinea Expeditions of 1907 and 1909 made a 
pretty large collection of rocks from the basin of the river Lorentz 
(North-River). Many specimens of rocks bore Foraminifera of Ter- 
tiary age. They will be briefly described iu the present paper. 

After the latest resume of the Foraminefera literature ') of 
New-Guinea, only one more publication was brought forward by 
R. Burnsen Newron?), in which are described some Lepidocyclina- 
bearing limestones, found near the snowline on the summit of 
mount Carstensz. For the literature we, therefore, refer to this resume. 

The rocks of the above-mentioned expeditions were taken from 
a zone, of which K. Marrın’) described numerous fossils as early as 
1911; in this zone, extending from the 137th degree to 141th 
degree longitude, the basin of the Lorentz-River covers only a 
small area. It could, tberefore, be antieipated that the collection — 
with regard to the boulders it contained — would not open up 
many new viewpoints. Of course the fragments struck from the 
solid rock were of greater interest; they are however few in number. 

For geological purposes, therefore, we do not feel called upon to 
give a detailed discussion of the collection. Neither did paleonto- 
logical considerations require more than a short description of the 
material. The vast majority of the fragments are limestones, in 
which Lepidocyelinae and Nummulites predominate. These fossils 
cannot be removed from the rock and must, therefore, be exam- 
ined from microscopical sections. True, our knowledge of the 
systematic arrangement of the Indian Lepidocyclinae has been 
somewhat clarified, but the various species can with diffieulty be 


') L. Rurren. In Nova Guinea, VI. 2. 1914, p. 22—25. 

?) R. BULLEN Newron. Organic Limestones etc. from Dutch New Guinea. Reports 
on the collections made by the British Ornithological Union Expedition and 
the Wollaston Expedition in Dutch New Guinea, 1910—1913, Vol. II. Report 20, 1916. 
For British New-Guinea see also R. Buiren Newton, Geol. Mag. (6). V. 1918, 
p 203—212. 

3) K. Marrın. Samml. Geol. Reichsmus. Leiden (1). IX. 1911, p. 34 ev. 


607 


distinguished, even when separate individuals are examined. A minute 
study of thin sections is, therefore, most often disappointing. It is 
even more difficult in the case of Nummulites: the specific differences 
of the Indian species being very little known, so that even the 
determination of isolated individuals is often diffieult. 

Both for geologieal and for paleontological reasons we shall, 
therefore, confine ourselves to a brief description. 

1). The Lepidoceyclina limestones. Boulders with Lepidocyclinae 
have been found in the Lorentz-River near Sabang and Geitenkamp, 
in the Bibis-River (Van der Sande-River) and where the Koekoek- 
River, flows into the Reiger-River'). Solid rock of Lepidoceyelina 
limestone was detected in the Resi-chain, the Went-mountains, on 
Mount Permadi and near the Perameles-bivouac. The limestones 
belong to various types. 

Most numerous are pure gray to brownish-gray limestones, inva- 
riably distinguished by the occurrence of large Lepidocycelinae. In 
addition mostly Heterosteginae and often minute Nummulites oceur. 
(Boulders: Sabang no. 85. 1907, 111a. 1907, Geitenkamp no. 195. 
1907, Bibisriver no. 544. 1909, Koekoekriver no. 385. 1907, Solid 
Rock: Went-mountains no. 631. 1909, and Perameles Bivouae nos. 
629 and 930. 1909. The diameter of the Lepidocyclinae is 
mostly over 15 mm., in one boulder (544. 1909) even more than 40. 
They are macrospherical and the first chamber is completely 
invested by the second. The fossils are slightly lenticular and do 
not possess a distinet median tubercle. Columns of an intermediate 
skeleton are sometimes absent; they occur, however, in most fossils 
and are distributed irregularly over the whole test. They are - 
clearly coniform, their diameter is mostly smaller than that of the 
lateral chambers, sometimes they become bigger and invest the 
lateral chambers in the tangential section. These Lepidocyclinae 
belong to the group of the Lepidocyclina insulaenatalis J. a. Ch. 

The Heterosteginae can hardly be distinguished from the recent 
H. depressa d’Orb.; in one fragment (544. 1909) the nummuliform 
portion is strongly developed, so that the fossils resemble H. 
margaritata SCHLUMBERGER?’). 

The Nummulites belong to the minor forms intermediate between 
Nummulites and Öpereulina, of which i.a. VERBEEK has described 
N. Niasi II and N. Dungbrubusi. Their diameter is only 2 m.m., 
the number of whorls is 3 to 4. They resemble Nummulites in 


ı) For topographical details see the sketch-map in Bulletin 64 of the “Maat- 
schappij ter Bevordering van het Natuurkundig Onderzoek der Ned. Kolonien”, 1910. 


2) C. ScHLUMBERGER. Samml. Geol. Reichsmus. Leiden (1). VI. 1902, p. 250— 252. 
40* 
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the slow increase of the height of the whorls, they are like Opereulina 
with regard to the inconsiderable investment and the texture of the 
wall. They are of no stratigraphical signifieance whatever. 

Besides the fossils recorded also the following oceur: small Lepi- 
docyclinae (629. 1909), Cyeloelypeus (85. 1907),? Polystomella 
(85. 1907), Gypsina (630 and 631, 1909), Rotalidae (544. 1909), 
and? Orbitolites (85. 1907). The oceurrence of Alveolinae with 
only one layer of chambers per whorl (85. 1907) strikes us as 
very remarkable. Also in West New-Guinea near Karas traces of 
these primitive Alveoline were found in a Lepidocyelina 
limestone ') 

It appears from the frequent occurrence of large Lepidocy- 

clinae and of primitive Alveolinae, that the rocks described belong ° 
to the oldest Miocene or to the Oligocene. 
A boulder from the slope of mount Permadi (452 m.) (no. 353 
1907) differs from the above rocks only in that among the fossils 
small Lepidocyclinae prevail. Very much like it again is a gray 
limestone from the Went-chain, which contains besides very few 
large Lepidocyelinae and numerous Heterosteginae, also Gypsina, 
Alveolina s.str., Amphistegina,? Calcarina, Rotalidae and Lithothamnium 
(N°. 623, 1909). 

A very striking difference exists between the rocks thus far described, 
and a boulder from Sabang (N 84. 1907), which abounds 
in Corals and Lithothamnia, but contains only traces of Lepidocyclinae. 

A boulder from the Koekoek-River (N’. 328, 1907) contains 
Cyeloelypeus annulatus Martin, small Lepidocyelinae with very thick 
tubercles, Globigerinae and Corals. 

Four rocks from the Resi-mountains N®. 310, 311, 312, 361. 1907) 
and a boulder from Geitenkamp (N°. 170, 1907), make up the 
rear in the series of Lepidocyclina-rocks. They are all grayish- 
white, rather erystalline limestones, which no doubt belong together, 
though not all of them are characterised by typical fossils. Small 
Lepidoeyelinae occur in 170 and 310. 1907, badly preserved 
Nummulinidae in 310, 311, 361. 1907, other badly preserved 
Foraminiferae in 170, 310, 311. 1907; Lithothamnium in 170 and 
311. 1907 and badly preserved Corals in 170, 310, 361. 1907. 

It has thus been proved that in the basin of the Bibis-, Lorentz-, 
and Reiger-Rivers neogenic Lepidoeyelina-bearing rocks must oceur. 
Of the two first-named basins also the solid rock is known: 
in the region between the Resi-mountains in the South and Mount 


) L. Rurrten. Nova Guinea, l.c., p. 38. 
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Permadi in the North old Miocene to Oligocene deposits are spread 
over a vast area. 

All Lepidocyelina limestones are very pure. 

II. The Operculina and: Heterostegina-limestones. Three more 
limestones originate from the neighbourhood of the Went-mountains, 
which differ rather much from the preceding. Two boulders, each of 
which bear the numbers 542. 1909 were found in the Bibis-River. 
The one is a rather crystalline, reddish-gray limestone with scanty 
quartz-splinters. It contains many badly preserved Heterosteginae. The 
other is a glauconitic limesandstone, in which besides numerous 
grains of quartz many Operculinae and traces of Heterosteginae are seen. 

A whitish-gray, sugar-grained limestone from mount Permadi 
(N®. 349. 1907) contains besides numerous quartz-grains badly 
preserved small Rotalidae, Textularidae, Miliolidae and other small 
Foraminifera-remains, also numerous small Operculinae. 

A glauconitic, quartz-rich limestone from the Went-mountains 
(N’. 616. 1919) contains besides occasional ÖOperculinae and 
Miliolidae, also very numerous small Heterostegina. They are small 
(horizontal section 2—3 mm., vertical section 1 mm.) knob-shaped 
fossils; built up almost entirely of spirals, which embrace each 
other. The surface is covered with numerous thick tubereles, which 
constitute the basal part of conie columns of intermediate skeleton. 
These tubereles are connected by thin, irregular bands. In the 
transverse section these fossils bear a strong likeness to small 
Nummulites, in the median section, however, we see that they are 
small Heterosteginae, which nearly always lack the peripheral, 
evolute skeleton part common among this genus. They are indivi- 
duals of Heterostegina (Spiroclypeus) pleurocentralis Carter. 

Nothing can be said for certain about the age of the discussed 

Opereulina- and Heterostegina-limestones, but it is very probable 
they belong to the same formation as the Lepidocyclina-limestones. 
lt is remarkable that all the ÖOperculina-Heterostegina-limestones 
contain quartz-grains or quartz-splinters, that even some are true 
lime-sandstones. 
_ II. Orystalline limestones: from the Hellwig chawn. Highly erystal- 
line sugargrained, gray to grayish-red limestones without recogni- 
zable fossil-remains were colleeted in the Hellwig-mountains (N°. 337, 
1907, 650, 652, 666, 1909) and on mount Kristal (N®. 342, 1907). 
We must admit complete ignorance of their age. 

IV. The Alveolina- and the Lacazina-limestones. A number of 
Eocene limestones, in which Alveolinae or Lacazinae predominated 
alternately, were. eolleeted as boulders or were found as solid 
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rock. They are invariably blackish-gray rocks, in which the fossils 
are to be recognized as white spots. 

Five boulders (Sabang N*. 117, 1907. Alkmaar N*. 286a. 1907, 
and Geitenkamp N*. 187a 1907 Bibisriver N’. 527. 1907, affluent of the 
Bibisriver N’. 738. 1909) belong to the Alveolina-limestones. They are all 
compact, gray limestones with occasional quartz-splinters. They abound 
in Alveolinae, which we refer tothe primitive type. Some are pointed 
and spindle-shaped and must be referred to A. Wichmanni Rutten, 
others are rather ellipsoid and may be classed among A. Javana 
Verbeek. Besides these, small Rotalidae and Miliolidae present 
themselves. Furthermore there are numerous small Nummulinidae, 
more than 5 mm. in length, which belong to Operculina or to the 
Nummulites. They bear a strong resemblance to the forms 
intermediate between these two genera, which are known to us 
from the Eocene Alveolina-limestone of Tandjung Seilor (East Borneo) '). 

Another Alveolina-limestone, probably also a boulder, was found 
on the northern slope of Geluksheuvel (N’. 320. 1907). The 
limestone is considerably discoloured; it contains the same petrifica- 
tions as the boulders described above. We are struck with the irre- 
gular forms presented by many Alveolinae. They are most likely the 
consequence of stunted growth. 

Three grayish-white limestones, resembling the preceding specimens 
very much, were collected on the solid rock of Wilhelminatop 
(N's 707, 709, 712, 1909. Besides very numerous individuals of 
Lacazina Wichmanni Schl. also rests of Alveolina Wichmanni and 
Miliolidae, Rotalidae and small Nummulinidae oceur in this rock. 
Altbough the limestones of Wilhelminatop belong to the same type 
as the boulders from the Lorentz- and Bibis-rivers, the latter must 
take their origin from another source, as the distribution of the 
fossils in the rocks is different, the boulders do not contain any 
Lacazinae, which on the other hand predominate on Wilhelminatop. 

The Alveolina- and Lacazina-limestones decidediy belong to the 
Old Tertiary. 

The purity of these limestones is remarkable, they seldom present 
quartz-splinters. 


V. Nummulina-Alveolina limestone. 

A blackish-gray limestone from a boulder bank near Sabang looks 
at first sight very much like the Alveolina-limestone described . 
(N" 144. 1907). We see, however, in the sections that Alveolinae 


') L. Rurtes. Samml. Geol. Reichsmuseum Leiden (1). X. 1915, p. 10; 
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occur very rarely in the rock, and that the Nummulites are far 
superior in number. The Alveolinae are very remarkable. They 
must undoubtedliy be called a plain type. Their shape is quite 
irregular, it adapts_itself entirely to the interspaces left by the Num- 
mulites in the rock; the Alveolinae fill up the spaces between the 
‘“idiomorphous” Nummulites, so to say, in an “allotriomorphous” 
shape. (Fig. 1 and 2). Since the latter never present any marked 
deformations, it is not admissible to assume that the deformations of 
Alveolinae have originated through mountain-pressure, after the 
animals died off. Most likely these deformations are the result of a 
stunted growth; the Alveolinae grew at the bottom among dead 
Nummulitie shells, and had to conform their shapes to the surroundings. 

Nummulites seem to be of various species. For the greater part 
they are small species (horizontal section 4—5 mm., vertical section 
3—2 mm.), which have only about 6 whorls. Skeleton-columns are 
not numerous; where they do present themselves, they are always 
conical. Sometimes we note a central tubercle. The septal bands 
seem lo be radial, wavy lines. 

These Nummulites seem to belong to the group of N. Bagelensis 


Fig. 1 


VERBEEK. Besides these also larger forms occur (diameter more than 
10 mm.), whose septal bands are sparingly covered with tubereles. 
This limestone contains but few quartz-splinters. 
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VI. Nummulitic Limestones. A great number of Nunmmulitie lime- 
stones were found as boulders. Probably of one finding place we 
also possess the solid rock. On the Northwestern and Southwestern 


Fig. 2. 
slope of Mount Permadi two Nummnlitie limestones were found, 
one of which is probably a boulder (N°. 350. 1907), while the other 
may have arisen from the solid rock (N®. 347, 1907). Both are rich 
in fossils and have only few quartz-splinters. They are faintly glauco- 
nitic. By far the greater number of fossils are Nummnulites, whose 
size seldom exceeds 15 mm.; moreover Lithothamnium oceurs. 

A boulder of red Nummulitie lime, enclosing many small quartz- 
splinters, was found in the Bibisriver (N°. 559. 1909). It contains 
many small and large Nummulites with retiform septalbands and a 
few Öperculinae. 

In the Lorentz-River boulders of Nummulitie lime were found 
near Sabang (N°. 111. 1907), Geitenkamp (N°. 196. 1907) and 
Alkmaar (N°.. 243, 286. 1907). 

N'. 111. 1907 is a grayish-brown Nummulitie Breeeia with a 
little glauconite and traces of quartz. Besides large and small Num- 
mulites, also a very few Lithothamnia oceur. N°. 196. 1907 is also a 
Nummulitie breccia with traces of Alveolina. The Nummulites with 
a diameter not larger than 15 mm. possess maeandriform septal- 
bands. Nummulites with such septalbands also oceur in N°, 243, 
1907. They are located together with rare Alveolinae in a red 
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ground-mass of limestone. The limestone N°. 286. 1907 rich in 
quartz-splinters bears half-sized Nummulites and some Alveolinae. 

Three boulders of Nummulitie limestones were found in the 
Schultz-River, an _eastern affluent of the Lorentz-River (N's 796, 
797, 798. 1909. They are all of them gray limestones, rich in 
splinters and rounded quartz-grains, in which many large and small 
Nummulites present themselves. In part the Nummulites possess 
reticulated septalbands. By the side of Nummulina, Miliola oceurs 
and perhaps also Opereulina. 

Finally at the place where the Koekoek River flows into the 
Reiger River a limestone with scarce quartzsplinters was found 
(N" 388. 1907), which contains besides dubious Heterosteginae, 
numerous Nummulites (largest size 15 m.m.) with retiform septal- 
bands. 


Whereas the Lepidocyclina-limestones described at the outset, and 
probably also the ÖOperculina-Heterostegina rocks, belong to tle 
Neogene, the Alveolina-Lacazina-rocks and the Nummulitie limes 
are unquestionably to be referred to the Eogene. The absence of 
Assilinae and Orthophragminae and the frequent occurrence of 
Nummulites with retiform septalbands, point to the fact that we 
have to do with the younger parts of the Eogene. 


Some very young clayey, Foraminifera-bearing rocks, easily decom- 
posing in water, were found south of the mountain-zone. In clay from 
Kruisheuvel near Sabang (N' 107. 1907), which hill has partaken of 
the latest‘ mountainfolding, numerous Rotalidae were found. Many 
Polystomellae occur in clay that occurs as a solid rock on Zuilen- 
heuvel, not far from Geitenkamp, (N" 177a. 1907). A sort of clay, 
found near Alkmaar, is rich in several stratigraphically insignificant 
Textularidae and Miliolidae (N' 258a. 1907). The three elays recorded 
here very much resemble the young tertiary marls, known from Timenä 
in Northern New-Guinea. !) Probably also their ages are about the same. 

Finally we have still io record some non-typical Foraminifera- 
bearing rocks. A boulder from Alkmaar (N’. 224. 1907) is a glau- 
eonitie, dark gray lime with Lithothamnium, Corals, ? Bryozoa, ? 
Orbitolites and a very small Nummulinida, probably Polystomella 
of undoubted Tertiary age. In the Bibis River a solid limestone was 
found, containing besides numerous Lamellibranchiatae and Corals 
also small individuals of Polystomella ef. eraticulata F. and M. This 
rock is also Tertiary. 


1) L. Rurren. Nova Guinea, l.c., p. 34. 
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Besides the rocks described thus far, a number of other limestones 
and limesandstones from the basin of the Tiorentz River were exa- 
mined, in which however no Foraminifera appeared to occur. 

It is remarkable that in none of the rocks examined, which in part 
were rather coarse-clastic, volcanic materials occur. In this respect, 
then, there is a sharp contrast between North- and South-New-Guinea. 


Buitenzorg, November 1916. 


Physies. — “On the Effective Temperature of the Sun.” (And 
Communication). By H. Groor. (Communicated by Prof. 
H. W. Junius). 


(Communicated at the meeting of September 27, 1919). 


In a previous article of March 1919 it was demonstrated that 
the determination of the effective solar temperature by the applica- 
tion of Pranck’s radiation formula to the data of ABBoT, does not 
lead to a same temperature, independent of the considered kind of 
light, as estimated by A. Derant, but on the contrary that the value 
of T determined in this way varies systematically as A. 

The meaning of the results so found will be examined in this 
article. 

It is necessary beforehand to define as strietly as possible what 
we mean by the term “effective temperature”, as the same meaning 
is not always attached to this expression. 

The reason that we cannot simply speak of the sun’s temperature 
is, first, that the sun has not the same temperature at all depths 
(thermodynamies show that for an extensive gäs-mass — we 
must consider the sun as such — the temperature varies from 
layer to layer), and secondly that we cannot either indicate the 
temperature of a definite layer nor know the way in which the 
temperature depends on the distance from the centre of the sun. 

We can however find what temperature we should have to 
assign to the sun, so that, if it were an absolutely black body, 
it would behave in a definite respect exactly in the same way as 
we observe in reality. 

We may ask for example, what temperature an “absolutely black sun’ 
must have if the position of maximum intensity in its spectrum is to 
be the same as in the real spectrum; or if the solar constant is to 
have the same value as the constant that has been determined 
experimentally. The first question may be answered by the aid of 
Wıen’s law; the second question by the application of the formula 
of STEFAN-BOLTZMANN. 

The temperature thus found is called “effective”’ temperature. 

Since, however, the sun is not an absolutely black body, we 
need not be surprised that the effective temperatures of the sun, which 
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are found in these different ways, are not equal. It is, therefore, 
necessary when indicating the effective temperature of the sun, 
to state elearly beforehand from what condition imposed on the 
temperature of the absolutely black body which we think as taking 
the sun’s place, it has been determined. 

In what follows the condition has been chosen that the distribution 
of energy in the speetrum of the black body, caleulated according 
to the law of PLanck, will agree as closely as possible with that 
in the sun’s spectrum, as has been derived by ABsor from bolograms. 

Accordingly, the temperature which we should have to assign to 
such a “black sun”, if this condition is to be fulfilled, is the effective 
temperature, which will be discussed in this artiele, and which, we 
have found, appears to be dependent on the chosen 4. 

The relation between 7’ and 2 is once more given below in 
table 1. 


TABLE 1. 

rı ?2 T 
0.4 m 0.5 (6400) 
0.5 0.6 9000 
0.6 0.7 10.000 
0.7 0.8 9600 
0.8 1.0 8000 
1.0 1.2 5500 
1.2 1.5 3800 
1.5 1.8 (5400) 
1.8 2.0 — 


The way in which the values of 7 have been caleulated is 
briefly as follows, : 
From Pıanck’s formula: 


Wal 10: 
ne 2,1562 X 2890 ) he Ehe 
0, II 


is obtained for any value of 7‘, and with any choice of the units 
(factor f), a definite eurve ;—=p(A), which represents the distri- 
bution of intensity in the spectrum of the absolutely black body. 
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Conversely f and 7 can be found when 7, is known for two 
values of A. 

The observed energy spectrum of the sun does not agree, 
however, with that of the black hody, so that if we do apply 
Prancr’s formula -for the caleulation of f and 7 from the experi- 
. mentally determined /, the value of 7 will depend on the place 
where we choose Jh. 

In table I the 15 and 2”d columns give the values of A from 
whose corresponding /\ the 7 of the third column has been 
caleulated. It seems to me that the application of Pranck’s formula 
to the experimentally determined energy spectrum of the sun’s 
radiation has not much sense, unless we could really consider this 
as almost agreeing with the spectrum of an absolutely black body — 
the criterion of which would consist in finding the same 7’ from 
arbitrarily chosen combinations of /). 

I wrote already in my previous article: 

“The assumption that all kinds of light come to us from one 
photospherie surface, in other words that light of various wave- 
lengths should come from the same depth of the sun,- appears more 
and more untenable..... 

If, however, in reality light of different wave-lengths originates 
from different parts of the sun, it becomes very questionable 
whether we shall be allowed to apply Pranck’s formula, as we 
saw Derant do’. | 

Instead of imagining one photospherie surface, as did DEFANT, 
we might try, what the supposition leads to that the sun is built 
up of a number of concentrie “partial photospheres”, each of them 
radiating as an absolutely black body, so that the total observed 
radiation is considered as built up of a number of partial 
radiations originating from different layers. In my previous artiele 
I pronounced the expectation that on this supposition, considering 
the fact that it seems to follow from the work of SPIJKERBOER and 
vAN CıTTerT that in general we must look deeper into the sun 
for red light than for violet, the effective temperature would increase 
with the wave-length. 

This expeetation has proved erroneous. And on closer con- 
sideration it was, indeed, unfounded. The effective temperature 
of a layer can, in fact, only be derived from the distribution of 
energy in its spectrum — and the said result of SPIJKERBOER and 
VAN CITTERT teaches us nothing about this. It is, however, worth 
while to examine the hypothesis of the ‘“partial photospheres”, 
because this may, perhaps, make it clear how the effective 
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temperatures determined according to Pranck, are nothing but 
caleulated quantities to which a physical sense can hardly be attached, 
and wbich certainly do not give an insight into the actual tempera- 
tures of the sun. 

If we possessed a means to consider exclusively light that reaches 
us from this photospherie scale, then, according to our supposition, 
every photosphere would possess its own energy spectrum, which 
would vary from photosphere to photosphere, and this for two 
reasons: 

1. The real temperature in the inner layers is different from 
that in the outer. 

2. The radiation, reaching us from the inner layers has under- 
gone a greater loss through absorption and scattering (and, so far 
as the latter cause is concerned, to a much greater degree for the 
shorter wave-lengths than for the longer), in eonsequence of which, 
even if the real temperature of the different layers were the 
same everywhere, the observed energy spectrum would still be 
different in the different layers. 

What we do observe, however, is not the speetrum modified by 
scattering etc. of every layer separately, but the combination of all 
these spectra together. 

To try and derive an effective temperature from this speetrum, 
which is far from “black” seems to be absolutely unpermissible; 
because the fundamental condition itself, that the energy speetrum 
used would in its main points resemble that of an absolutely 
black body, has not been fulfilled. 

If, however, we do apply this procedure, it is not surprising 
that the found values of T’appear in a high degree, to be dependent 
on A. ; 

The latter may be shown more clearly by the following method. 

Let us imagine an energy spectrum formed by the superposition 
of only two spectra, originating from two really “black” bodies, 
which contribute about an equal amount to the total radiation, 
but whose temperatures differ greatly. Such a case is represented 
in figure 1. 

Let the curve 1 correspond to the absolute temperature 3000°, 
the curve II to 1500°. Then the maxima lie respectively ta —1u 
and? = 2 u. Summation of these yields the eurve III, but by halving 
the ordinates curve IV has been derived from this, whose area is 
again equal to the area of eaclı of the component curves, i.e. we 
reduce all the cases to equal total radiation. 

It is now easy to see that when we derive the temperature from 
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the shape of a small part (ad or cd) of the summation eurve, 
at the same time considering this part as belonging to an energy 
curve of a black body, for small values of A a temperature would 


| Inteneitoi 
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be found Iying between 3000° and 1500°, but nearer 3000° ; whereas 
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on the other hand, for large values of 2, an intermediate temperature 
would be found Iying more to the side of 1500”. 

(The two imagined intermediate curves of radiation of black 
bodies have been drawn dotted, so that each of them again 
embraces the same area). 

The temperatures caleulated for different values of 2 would have 
been still more divergent, if I had not been the original energy 
curve of a black body, but had presented a ımuch greater slope 
towards the violet side on account of molecular scattering. 

Though for the sun everything is of course much more compli- 
cated than in these examples, the conclusion remains valid that 
T must be found dependent on A, if our supposition should be 
justified that every layer radiates as a black body. But though 
this hypothesis accounts to a certain extent for the variation 
of the found values of 7 with A, and is preferable in so far to the 
undoubtedly untenable supposition of Deraxnt and others, that the 
radiation of the sun would issue from one single absolutely black 
photospherie surface — yet the hypothesis of the “partial photo- 
spheres”’ cannot be considered either as satisfactory. 

Until by other means, some insight has been obtained into the 
power of emission of the successive layers of the sun’s mass, and 
the degree in which they scatier and absorb the different kinds 
of light, hardly anything can be derived from the distribution of 
energy in the solar spectrum concerning temperatures on the sun. 

The conception “effective temperature of the sun” has little value. 
This temperature varies in fact greatly according to the way in 
which it is defined, and none of the definitions warrantin any way, 
that by means of them an approximation is found of temperatures 
that actually prevail on the sun. 


Mathematics. — “Graphical determination of the moments of 
transition of an elastically supported, statically undeterminate 
beam.” ‘) I. By C. B. Biezeno. (Communicated by Prof. 
J. CARDINAAL). 


(Communicated at the meeting of November 24, 1917). 


1. Let a recetangular prismatic beam be charged by forces which 
ent its axis at right angles and which are parallel to one of the 
two other prineipal axes of its centre of gravity. 

Its support, which is thought to be elastical, be applied in a 
number of points of support A, B,C... at the same level in such 
a way that the reactions of support Ra, Rp, Re... 

1. are parallel to the lines of action of the charging forces. 

2. are proportional to the local descents y4a,yB,Yc... of the 
axis of the beam, so that aeRı = ya, BR = yB, YRce=ye... 

It is: required to define graphically the moments of transition in 
the beam. 

2. In order gradually to conquer the difficulties which arise 
during the solution of the problem, the case of the beam on three, 
four and five points of support will successively be dealt with and 
that on the supposition, that the fieldlengths of the beam as well as 
the coefficients of stiffness of the elastice supports are equal. This 
restrieting supposition can be introduced, because it does not influence 
the general construction, as will appear later. 

When the case of the beam on five points of support has been 
treated, the general problem, which finds its analytical interpretation 
in the so called “theorem of five moments”, must have been solved 
at the same time. 

3. In fig. 1 for the beam ABC, supposed to be en in 
the middle of each of its fields by a force of 1 ton, the lines 


1) In the following treatise the reader is supposed to be thoroughly acquainted 
with the construction of the elastic link-polygon, which we owe to O. Monr. 
(See for this construction: O.Mour, Abhandlungen aus dem Gebiete der technischen 
Mechanik, 2e Auflage S. 367; J. Kıoprer, Leerboek der toegepaste Mechanica, 


Deel III, p. 160). 
41 
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(2a, Ir, Zus, I, la lıv, Iy ‚Ivı, lc) ') have been drawn, along which the 
«forceg” are acting, which would play a part in the construction 
of the elastie link-polygon, if the beam lay on fixed points of 
support. 
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If now the descents AA, BB and CC of the points of support 
A, B,C were known, it would. be possible to construct the elastie 
link-polygon of the beam, because together with the point A 


also the point A’ is fixed, which lies a known distance a under A 
and is the starting point of the construction of Monk °). 

The situation of A, hence also that of A’, in reality being unknown, 
we shall for the present'try to find a solution of the problem by 
assigning to the moment of transition Ma certain value, say x 
metre-ton. For in this way the reaction and therefore also the descents 


») By 1A, IB, Ic the verticals passing through the points A, B, C are indicated; 
by I;, Ijı etc. the vertical lines on which the angles lie ofthe elastic link-polygons 
that will be drawn later on. 


?) In the figure this point A’ is by mistake indicated by 4’. 
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AAy, BBand (/,,C of the points of support A, B and (become known!). 


x 
Now the point Ay, belonging to A,, is also fixed, so that the 
side Il, III, can at once be drawn in the right direction. For together 
with Z3 this side must produce a point of intersection B", the situation 


of which is known, because the sides 11x, Illx and Sir, „IV must 
cut from /z asegment of definite length, representing the statical moment 
relative to B of the “force” acting along /jyr. With the side Il IIlx 
not only the side III,, „IV, but also the side „IV, ,V is determined, 
because the latter, on account of the equality of the fieldlengths 
AB and BC, must give a point of interseetion with II IIlx on 22. 
Finally the side „V,xVl,zC can be drawn too, as this together 
with xIV,,V must also cut a segment of known length from 17. 
If now the supposition, made with regard to M5, had been right, 
the point of intersection „C' of „V,,VI with /!c would coineide with 
the point „U, which apparently does not happen. 
The construction might however be repeated with judiciously 
chosen values of Mz, till the points „C’and „C' quite or nearly coincide. 
But these tentative attempts to find the real value of M are 
made superfluous by the construction to be given in the following 
paragraphs, from which the coineidence of the points xÜ' and xÜ 
ensues directly and exactly. 


4. Closely following the line of thought developed in $3 let usin 
the first place assign the value zero to tlıe moment of transition Mp. 

In this case the beams AB and BC can be considered as two 
beams supported at their extremities, of which the reactions of 
support can be determined directly. The descents of the points A, B 
and CU are also known; if u represents the coefficient of stiffness 
of the springs they are: 

onen. 2,1,.0.,0C=h. 4: 
° 


Through the point A’,, which lies the known distance a, mentioned 
before, below A,, the beam II, III, must now be drawn, which 
however, the “force” along /jjı being zero, must act along Ihe side 
III, ‚IV, which itself passes through B. 

1) An index placed under a letter denotes the value of the moment oftransition 
belonging to the point of support indieated by the letter. 

An. index placed to the right or to the left of a figure or letter denotes the 
value of the moment of transition in the first point of support to the right or to 
the left. 
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The sides II, IH, 1, ‚IV and ‚IV,V coineide on the line A” B. 

By finally measuring the known distance BB’ = b, starting from 
00 

B, it is possible to draw the coineiding sides 5’ ,V ‚VI and ‚VI,C. 
0 0 


While the supposition Ma» = 0 on the one hand causes a descent 
C,C of the point (‚it leads on the other hand via the construction 


of the elastic link-polygon A,’ L, I, II, B ‚IV ,V ‚VI,C toan 
0 


ascent C,C of this point. 

Let in the second place the value of one metreton be given to 
the moment of transition M'). 

In this case the situations of the points of support are again 
known. The supposition Ma —=1i metreton namely gives rise, if the 
fieldlengths AB and BC in metres are indicated by Z, to extra 


1 1 1 

reactions of magnitudes: a: 2 L and Er ton, to which corres- 
1 ra acel 

pond the extra descents — HT 2u TS ATE which can be drawn 


on the scale once introduced. 

In the way indicated in $ 3 there arises now a link-polygon 
ALIEN. Verve: 

1 

While as a result of the introduction of the moment of transition 
of one metreton the point „U has moved upward over the distance 
.C,C, the endpoint „C of the elastic link-polygon A,'I, II, III, 
B.V „V.,VI,C has descended over the distance ‚( ,‚C. 


It will now be shown that on the introduction of a moment of 


transition of x metreton two points „(U and E arise, the situations 
of which are defined by the equations: 


1CsC)=x.(C 6) 
(‚CzC) Rn „0407; 


in other words it will be proved that the two series of points „C 
and xC are similar. 


9. lf above the point of support B a moment of transition of x 


\) The moment of bending, appearing in a cross-section of the beam, is called | 


positive, when the right part of the beam exerts.a dextro-rotatory eouple on the 
left part. 
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metreton is introduced, the point A’, descends an amonnt P: up 7 —— 


he point B an amount BB=x. a 
0 


L DIR 
!ı ' 
A 2 being constant, the series of points A’, and B are similar 
BB, g cons ö p x re similar. 
x 
0x = 


The lines (A', B) connecting their corresponding points, pass 


x 
therefore through the fixed point PAsB: which divides the distance 
x 


of the lines /4 and /z into parts which are to each otheras — 1:9. 

The point 3", which belongs to the point B, lies at a distance 
x x 

x.B"B from tbis point, since the “force” falling along /r, hence 
1.0, 

also the moment relative to B derived from this “force”, increases 

linearly with the moment M2. 
As B has descended over a distance x. BB relative to B, the 

x 01 {) 


2 
BR 
a EL 


point B" lies «. 
x 


above 2. 
0 


A! ' 


The ratio ME being constant, also the series of points A’, and 
x=0 


B" are similar, so that also the lines A’, B" pass through one point 
x x 
Pa» not indicated in the diagram. 

x 


The three angles of the variable triangle A’, III, B, (of which 
4A’, lIl, B gives one position) move in three straight lines /4, /ıır and 
1 


lg passing through one point, while two sides rotate round fixed 
points. Hence also the third side must rotate round a fixed point 
lying on the line connecting the centres of rotation of the two other 


sides. 
If we further fix our attention on the variable triangle Ill, 2",IV, 
x 


it appears that also the angles of this triangle move in three straight 
lines (Am, /z and Ivy) passing through one point, while two sides, 
viz. II z1IV and Ill, 2", rotate round fixed points. 
x 

The third side rotates therefore also round a fixed point Pavv 

on A’, B. 
0 
But then the side „V „VI too has a fixed centre of rotation P' vv: 


For the sides „IV,V and „V,VI eut from the line /z, hence also 
from the vertical through Pıv,v a segment of constant length. As the 
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point of interseetion of the sides „IV „V with this straight line is a 
fixed point, the point of intersection of the sides xV „VI with the 
same straight line must also be invariable. 

Consequently all the sides of the link-polygon Ax Iz Il, Ill, 


B,IV ,VzVI,C rotate round a fixed point. 


The series of points „Ü is therefore similar to the series of points 
A’. But also the series of points „C is similar to this latter series. 
For this reason also the series of points „U and x( are similar. 


6. The double point (’ of these series at finite distance gives the real 
situation of the third point of support C of the beam, as it can on 
the one hand be considered as the point C, through which the beam 
must pass on introduction of the moment of transition Mz belonging 
to C by reason of the construction of the elastie link-polygon, 
and on the other hand may be considered as the point C, which is 
found by the direct determination of the descents in consequence of 
the given charge and the moment of transition just mentioned. 

When once this point C has been determined by the help of the 
proportion ; = 

HIUHELRG 


AR Kar 

the required link-polygon can be A, completely, as U VIV 
must pass through ?’ „IV v: V IV through ihr; „V 1V III through 
Pın, „iv, HL 11 A’ through the point of intersection B" of VIV and 
!g and finally II I through the point A (lying at a distance a 
above 4A’). 

The magnitude of the required moment of transition M is deter- 
mined by the segment BR". 


7. Although in the preceding paragraphs the beam on three 
elastic supporting points has been fully discussed, we shall before 
proceeding to the beam on four points of support, make mention of 
one more theorem bearing upon the situations, eonsidered in a hori- 
Fe Er, the centres of rotation Pı, I,» FA Pıu, „Iv 

x x x 
It has already been pointed out in $5, that the situation ofP4B 


47 BAT > 
is determined by the ratio. Ep which is independent of the charge 
0 x 


of the beam. 


The ratio 
AA in 2 ll, Ir u“ 
nern, 000, AA, ET "% 
JS TI Plan BB Eu ren 
x0 10 Fo 10 120 170 
B"B 
2, 1 
len 58 
IRBR BBr: 
10 10 


by which the situation of Pın, „iv is determined, appears to be 


also independent of the charge of the beam. 

But then also the horizontal situations of the other centres of 
rotation Pı, II,» P ıv v P'wv. v are the same for all possible 
charges of the beam. 

For if we consider the two triangles A,’ B III, and A,’ B, II, 

ı 


(the latter of which is supposed to bear upon an arbitrary charge 
differing from the one given), in these two affined figures the points 


FayB and 247 B, 42 „Iv and Pır,„ıv are homologous points. 


From this it can immediately be derived, that also the points 
Pu, ın, and Pi, ım,, P,ıv,vand P ıv,v are corresponding points, 
so that the lines connecting them must pass through the pole of 
affinity, the point at infinity of the straight lines /. 

nn, and Zi u, as well as Pıv „v and Pıv 8, lie therefore 
perpendicularly above each other. 

From this follows the theorem referred to in the beginning of this $: 

The situation of the centres of rotation Zi, u, Pa, B, Ant „v 

X 


Pıv sv relative to the lines /, is quite independent of the charge 
of the beam; it is exelusively connected with the stiffness of the 
beam and that of its supports. 


8. Beam on four points of support. 

When we have once made ourselves familiar with the line of 
thought, developed in the preceding paragraphs, it is rational to try 
and find a solution for the beam on four points of support according 
to the following program. 

1. Cut the beam at the last point of support but one, and 
construect the situation of the point D in two ways. First by 
determining the . reaction Rp of the beam CD, freely supported at 
its extremities, and secondly by drawing for the beam ABCD the 
link-polygon belonging to Mc=0. In this way two points 
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„D and Re) appear, which do not coineide, unless in reality 
there is no moment of transition above the point of support C. 

9. Construct then in a similar way two points ıD and ıD 
on the supposition that the moment of transition Mc is one metreton. 

3. Prove, that the series of points „„J) and „D arising on intro- 
ducetion of various moments of transition Mc==y metreton, are 
similar. Then the double point D of these series, to be constructed 


by the help of oD, 0D and ıD, ıD, will indieate the real situation 


of the last point of support. 
4. Starting from this point D construct the link-polygon in 


question DIX VIILVILOVIVIV BILIELA. 


ET Tee == 77 U —E ng 
Rt € 


l 
B 


Fig. 2. 


9. In fig. 2 the working program, developed to this end, has 
been put into execution on the supposition that each of the fields 
AB, BC and CD of the beam is charged in the middle by a force 
of one ton. 

First the construction given in $$ 3—7 has been executed for the 
beam ABC, which besides by the two forces of one ton on each of 
the fields AB and BC is supposed to be charged at its extremity 
C by a force of } ton (originating from the charge of the last field 


CD). 


!) By the indices O and . added to the letters D, is indicated that the moment 
of transition in (is zero and that the moment of transition in B has the right 
value belonging to the supposition MC—=0. 
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ff we cut this beam at B the whole extra charge 
acts on the spring under (,' so that in the determination of the 


points A '), B, C only the point C appears to have an extra 
00 0000 00 


descent. - 
Without any diffienlty with the help of the link-polygons 
A' Iloo B x oVo C and A'1,0 IHr.o , Ss R olVo s ıVYo 5 c the points 0% and Ne 


00 0000 09. 10 
can then be constructed, rhich together with the point C and C 
00 10 


determine the point C through which the beam ABC must pass at 
0 


its extremity C, when besides the given charges it must bear in ( 
a force of % ton. 
On the supposition M&«=0 the side ?' „Iv, ee & can 


now be prolonged as far as /yın. After that from ca segment 6, ze 


must be drawn in downward direction in Er to make 5 ht 
to draw the side C’' „VIII oD. In this way, however, the point „D 
.o 


is determined. 


10. It is far more diffieult to find the point C, through 
ei 


which the beam ABC, considered as a whole, must pass if in Ca 
moment of transition of one metreton is applied. For, when the 
eonnection of the beam above B is broken, this moment will, in 
opposition to the force just applied in (€, besides on ( also exert 
its influence on the point B. 


The place of tbe point . is taken by a point Fr which lies T 


leer In the same way the point ( lies a distance 27 below C, 
01 00 


because the couple of unity acting on the field BC as well as that, 
acting on the field ('D, gives an extra deseent ” to the spring under (\. 
In case the moment of transition in B is supposed to be zero 


we have therefore to do with the link-polygon A'yı, Ioı, B, 
01 


oV}, oVIı, C,of which the two last sides now deviate and cut a segment 
01 
of known length from Ic. 


) By a second index, placed to the right or to the left of a letter, the value 
of the moment of transition in the second point of support to the right or to the 
left is indicated, etc. 
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A Se 
If in Ba moment of one segmentton is introduced, the point (’ isserment 
01 


replaced by the point C Iying m higher, while the construction of 
11 z :o 
the elastie link-polygon 4A’,, II, III, B, ‚IV, ,V,, MR a 
11 


the point ( to M 
01 11 
Instead of the earlier fixed centres of rotation Pınzo IV P Ivo Vo 
IV): Vo other points Pın, | ‚IV; P_ivy LA LEE „Vpiying perpen- 
dieularly above then, appear; of these points for the present only 
the last is of importance. 
For when the double point (U of the series C and (is constructed, 


al | Zu 
also the point €" is known, through which the side V, VI must pass. 
1 as 


But this side must also contain the point N SERA PT, it is therefore 
determined. 


Consequently also the sides VI» Vila VAL, SA IH and vll, 
ED can be drawn, so that now Beh is determined. ') 
The construction of the points 22 and ‚2 conjugated to the 


points D and a just found, does not present any diffieulties. 


11. According to the outline given in $8 we must now investigate 
wbetber the series of points u and ad: which appear on the 
introduction of various moments. of transition Mc— y metre-ton in the 
way described above, are similar. 

To that purpose we consider in the first place the centres of 
rotation alle Dee Pın,, eiye: P_ıv, a just mentioned, belonging to 


the moment of transition Mc = 1 metre-ton. These eentres of rotation 


!) Strietly speaking the construction of the link-polygon A’ı, Uın,.. B....C, 


11097 
mentioned in this $ and drawn in fig. 2 for completeness’ sake, is superfluous. 
0703 
For it serves exclusively for the determination of the ratio To which only 
on Br De 
epends on the horizontal situation of the centres of rotation Zn, „v Pıv» sv; 
di 
etc. which corresponds to that of Pın Mi ete Re: can therefore b 
x0 xYIp #1, „vg ete. . 77; Can therefore he 
01 ı 


2 [ou i 
put equal to the ratio E G already found. 


00 10 
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lie perpendicularly above the centres of rotation Bin a0, Runge. 
PiVo,Vp On a straight line through 4’,,, determined by the point B, 
01 


lying 7 — above Ei 


As on Üftdodieiibn H the other moments of transition Me=y 


meterton there appear points nr defined by B, B=y. B, B, it is 
0y 00 0y 0 0 
evident, that the centres of rotation mentioned, undergo vertical 


displacements, which are proportional to these moments. 
Especially at the introduction of Mc = y metreton the 
segment P’ 1vg „Vo Piıv, 2v: will be equal to y times the segment 


7 7 
? xIVo x’o ? IN; x’ : 
On account of the law of: superposition, on which the whole 
problem is founded, the descent (U C’ of the point Ü' will increase 
0 1 


in direet ratio to the value y of the moment of transition Mc. 
The distance of the point (" to the point Ü’ can therefore be 
.y ‚0 


put equal to: 
E y.(C" C—CC). 
ET A 


The lines Dry, u C") connect therefore corresponding points 
I +«V 


of two similar series of points; they pass through one point. 

As .VI, .VI, can be linearly expressed in a and ren 
En, aYys the series of points .VI, is also similar to the series 
C, so that the lines .VIy, „VII, too have a fixed centre of rotation 


er 


I en But then also the sides e II „u and rau „pP have 


YVy 
fixed centres of rotation Pvu „van and P’ vu yYLL: 


The series of points „D is therefore similar to the series C", €, 
2 


P’ ıv. .v.... which in their turn are similar to the series ‚D, for 
way 
which holds good: 


‚DoD=yxXıDoD. 
Hence the series of points „D and D are also similar. Their 
double point D at finite distance is the extreme point of the 


link-polygon in question for the beam on four points of support. 
Now that this double point is known, the construction of the 


whole link-polygon no longer presents any diftieulty. 
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For by the centre of rotation P' „van ‚vi the side DIX VII 
is determined, by the centre of on & yvir,van the side 
VII VIIC", by the centre of rotation Pyi, ‚vır the side VILC VI. 

lf we furthermore draw ("VI in the first place the side VI V 


and in the second place the centre of rotation P'y v, hence also the 
point Pıyv, Iying perpendicularly above it, througb which VIV 
must pass, are fixed. 

By means of Pıyv we also find the line A’oo Piyv, on which 
the centre of rotation of all the other sides must lie. 

Now the link-polygon in question DIX VII VI GVIVAY 


BIIIIIA can be completed. 


